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Hamiltonian of charged particle 
 
 

H = c m2c 2 + (Px - qAx)
2 + (Py - qAy)

2 + (Pz - qAz)
2  + q U 

Hamiltonian of particle motion in quadrupole focusing channel  
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Vector - potential of an ideal magnetic quadrupole lens with gradient Gmagn inside the 
lens is given by 

Az magn = Gmagn

2
 (x2 - y 2)    

 
Electrostatic quadrupole with gradient Gel, creates the field with electrostatic potential 
 

 Uel = - Gel

2
 (x 2 - y2)     

Transversal components of mechanical momentum are equal to that of canonical 
momentum, px = Px, py = Py, and Hamiltonian can be written as: 
 

K = c m2c 2+px2 + py2 + (Pz -  q Az)
2  + qU    
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In the moving system of coordinates, particles are static, therefore, vector potential of 

the beam equals to zero, Ab
'
 = 0. According to Lorentz transformations, components 

of vector potential of the beam are converted into laboratory system of coordinates 
as follow 

Axb = 0 ,      Ayb = 0 ,  Azb = β Ub
c            

 
Total vector-potential of the structure is therefore 
 

 
Az = Az  magn +

β
c
Ub

It corresponds to the case when longitudinal particle motion is not affected by the 
transverse motion, which is typical for beam transport.  
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Hamiltonian can be rewritten as  
 

K = mc2 ( 1 + pz
2

m 2c2
 ) + 

px2 + py2

m 2c2
 - 2 q pzAz

m 2c2
 + qUel + qUb 

 
The term in brackets is close to square of reduced particle energy:

                     
 

 
Taking that term out of square root gives for Hamiltonian: 
 

K = mc2γ  1 + 
px2 + py2

(γm c)2
 - 2 q pzAz
(γm c)2

 + qUel + qUb 

 
After expansion of small terms 1+x ≈ 1 + x / 2,  the Hamiltonian becomes: 
 

K = mc 2γ  + 
px2 + py2

2mcγ
   -   
2 q pz (Az magn + βc  Ub)

2mcγ
 + qUel  + qUb 

 
Removing the constant mc2  results in the general form of Hamiltonian in a focusing 
channel: 
 

H = 
px2 + py2

2 m γ
 + q(Uel - βcAz magn) + q Ub

γ 2
 

 
Both Uel and Az magn can be a combination of that of multipole lenses of an arbitrary  
order. 

1+
pz
2

m2c2
≈ γ 2
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Consider now dynamics of the b eam in focusing q uadrupole channel including spac e 
charge forces of the beam. All particles move with the same longitudinal velocity c, and 
the longitudinal space charge forces are equal to zero. Hamiltonian of particle motion in 
qudrupole channel with space charge is given by 

 

 H = 
px

2 + py
2

2 m γ
 + qG(z)

2
 (x 2 - y 2) + q Ub

γ 2
 .                           (2.96) 

 
Assume that transverse space charge forces are linear functions of coordinates . 
Correctness of this assumption will be checked later. Linear equation of motion are 
 

d 2x
dz2 + kx

' (z)x = 0 ,                                                   (2.97) 
 

d2y
d z2  

  + ky
' (z) y = 0

 
,                                                  (2.98) 

 

where kx
' (z), ky

' (z) are modified focusing strengths including space charge. Equations of 
motion (2.97), (2.98) a re linear, therefore, invariant of Courant -Snyder, is valid i n both 
planes (x, x'), (y, y') for space charge regime as well. 

Kapckinsky-Vladimirsky (KV) beam envelope equations 
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Courant-Snyder invariants. 
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(2.101) 
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Boundary of (x,y) Projection of Beam Distribution 
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Boundary of projection of KV beam on (x,y). 
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Space Charge Density of the Beam 

Phase-space element is transformed according to: dx '  dy ' =  
 ∂x'

∂α
   ∂x'

∂Ω
 

 ∂y '

∂α
  ∂y '

∂Ω
 

 dα  dΩ   = α dα dΩ  
σx  σy

 

(2.116) 
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π fo
σ xσ y

δ(α 2 + x2
σ x
2 +

y2
σ y
2 − Fo)

o

∞

∫  dα 2
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Projection of KV beam on (x,y). 
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Projections of beam distribution on (x,x’) 
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Boundary of KV beam projection on (x,x’). 

(2.127) 
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Projection of KV beam on  
Projection of KV beam on  (x, x')

(y, y')
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Hamiltonian of particle motion within the beam with elliptical cross section is: 
 

H = 
px2+  py2

2mγ
 +  q G(z) 

 (x2-y2)
2

 - 
q I 

4πεoγ 2β cRxRy

 [x2+y 2  - 
Rx  - Ry

Rx  +  Ry
 (x2-y2)].        (2.141) 

 
Equations of particle motion in presence of space charge forces are: 
 

d2x
dz 2

 + [kx(z) - 4 I
Ic β3γ 3Rx(Rx + Ry)

 ] x  =  0 ,                           (2.142) 

d 2y
d z2

 + [ky (z) - 4 I
Ic β3γ 3Ry (Rx + Ry)

 ] y = 0 .                              (2.143) 

 
Characteristic current:  
 
 
Eqs. (2.142), (2.143) are similar to that without space c harge forces, where instead of 
functions kx(z), ky(z) the modified functions kx(z), ky(z) are used: 
 

 kx(z) = kx(z) - 4 I
Ic β3γ 3Rx(Rx + Ry)

 ,                                         (2.144) 

 
ky(z) = ky(z) - 4 I

Ic β3γ 3Ry(Rx + Ry)
  .                                        (2.145) 

 

Ic = 4πεo
mc3

q
= 3.13⋅107 A

Z
[Ampere]
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Equations (2.146), (2.147) are non-linear differential equations of the second order. They 
can be formally derived from Hamiltonian: 

 

H = (Rx
' )

2

2
 +  

(Ry
' )

2

2
 +  kx(z) Rx

2

2
 + ky(z) Ry

2

2
 + 2P 2ln 1

Rx+Ry
 + ∍x

2

2Rx
2
 + ∍y

2

2Ry
2  

,         (2.148) 

 

where parameter P2 is called the generalized perveance 
 

P2 = 2I
Ic β3γ 3  

.                                            (2.149) 
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In general case, solution of the set of envelope equations, Eqs. (2.146), (2.147) are non-
periodic functions, which corresponds to envelopes of unmatched beam. However, if 
functions kx.(z), ky(z) are periodic, there is a periodic solution of envelope equations. 
Envelope equations can be solved numerically at the p eriod of structure via varying the initia l 
conditions Rx(0), Rx

' (0), Ry(0), Ry
' (0) unless the solution at the end of period coinsides with  

initial conditions Rx(L) = Rx(0), Rx
' (L) = Rx

' (0), Ry(L) = Ry(0), Ry
' (L) = Ry

' (0). Again, as in case of 
beam with negligible current, this beam is called the matched beam. It occupies the smallest 
fraction of aperture of the channel. 

The envelope of unmatched beam  
in a quadrupole channel 
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Matched	  Beam	  Focusing	  

Matched	  beam	  in	  RF	  linear	  accelerator	  (Courtesy	  of	  Sergey
	  Kurennoy).	  
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Averaged Beam Envelopes 
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Eqs. (2.146), (2.147) formally can be considered as single body osci llations in the alternating-
gradient field with addition of potential function describing “emittance” and “current” terms. 
Averaged values of that terms in the envelope equations are 
 

∍x
2

Rx
3

 (1 - 3 ξx

Rx
) = ∍x

2

Rx
3
,               

∍y
2

Ry
3

 (1 - 3 
ξy

Ry
) = ∍y

2

Ry
3                                  (2.154) 

 
 

2P2

Rx + Ry
 - 2P2

(Rx + Ry)2
 ξx  - 2P2

(Rx + Ry)2
 ξy  = 2P2

Rx + Ry
 .                     (2.156) 

The resulting field is a combination of effective field  and potential field . Finally, envelope  
equations in smoothed approximation are 
 

 
d2Rx

dz 2
 - ∍x

2

Rx
3

 + (µo

L
)
2
Rx  - 4 I

Ic β3γ 3(Rx + Ry)
 = 0 ,                         (2.157) 

 

d2Ry

dz 2
 - ∍y

2

Ry
3
 + (µo

L
)
2
Ry - 4 I

Ic β3γ 3(Rx + Ry)
 = 0 .                           (2.158) 

Small fast components are the same as that for single particle, because they are defined by fast  
oscillating functions only: ξx = ξmax sin2π

z
L

ξy = −ξmax sin2π
z
L

Rx (z) = Rx (z)+ ξx (z)

Ry(z) = Ry(z)+ ξy(z)
Beam envelopes: 25 
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Acceptance of the Channel Estimated from Beam Envelopes 

Rx (z) = Ro + ξmax sin2π
z
L

Beam envelopes for negligible current: 

Ry(z) = Ro − ξmax sin2π
z
L

ξmax = Ro
4 3
π 3 µo

For FD structure: 
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It defines the averaged b eam radius in quadrupole channel for the beam with negligible 
space charge forces. Acceptance of the channel, A , is the maximum emittance of th e 
beam, which could be transported through the channel without beam losses. I n 
quadrupole channel, beam envelopes are oscillating functions,  Eqs. (2.150), (2.151). 
Aperture, a, is reached by particles with Ro + ξmax  = a. From Eq. (2.192), acceptance of 
the channel in smooth approximation is 
 

 

                          
A = a2µo

L (1 + δmax)2     , where                                                          (2.193) 
 

The value of max  in FD channel was estimated as δmax  = 4 3
π 3

 µo ,  
 
 
 
 
 
 

Normalized acceptance of the channels:   ch = A       

Rmax ≈Ro(1+δmax) Rmin ≈Ro(1−δmax)
For a matched beam, the maximum and minimum 
 beam envelopes are 

Compare with FODO acceptance  
obtained from matrix method: 

A = a
2

L
sinµo

(1 + sin µo

2
)

Acceptance: A = a2µo

L(1+ 0.447µo )

δmax =
ξmax
Ro
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    Beam Radius in Space-Charge Dominated Regime 
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Rmax ≈ R (1+δmax)

Rmin ≈ R (1−δmax )

In averaging method, small function     is defined by fast oscillating term only. Function  
                   does not depend on beam current and beam emittance, therefore   

ξ

δmax = ξmax / R
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Matched Beam Envelopes Versus Beam Current 

I = 0 I = 9mA
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1

2

3

4

Matched beam: I = 0                        I > 0 
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Transverse Oscillation Frequency in Space-Charge Dominated Regime 
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Transverse oscillation frequency drops with increase of beam current, but remains non-zero. 
Therefore, beam stability can be provided at any value of beam current. However, increase of 
beam current requires increase of aperture of the channel, and stability of transverse 
oscillations can be provided at arbitrary high value of beam current, but in the channel with 
infinitely large aperture. 

Averaged beam radius and transverse oscillation frequency as functions of
 space charge parameter bo.   
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µo2 = µ2 + 2I
Ic(βγ )3

(LR)
2

∍

∍ = µR2
L

µo2 = µ2[1+ 2I
Ic(βγ )3µ2

(LR)
2]

µo2 = µ2[1+ 2I
Icβγ

(Rε )
2]

µo2 = µ2(1 + b)

µ2 = µo2
1+b

b= µo2
µ2

−1

                   Connection between  µ, µo, b

Let us rewrite equation (2.204): 

Substitute beam emittance: 

Connection between phase advance 
per period      ,     , and dimensionless  
space charge parameter b   

µo µ
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Maximum beam current corresponds to the beam, which fills in all available 
 aperture, a = R(1 + δmax), or, taking into account Eqs. (2.192), (2.200): 
 

a = ∍ L
µo

 bo + 1 + bo
2  (1 + δmax)

 
.                      (2.206) 

 
For bo= 0, equation (2.206) describes the beam with maximum 
possible emittance in the channel, equal to acceptance of the 
 channel, ∍ = A : 
 
a = A L

µo
 (1 + δmax)

 
.                                     (2.207) 

 
Ratio of last two equations gives us the relationship between 
acceptanceof the channel and the maximum emittance of the 
beam with non-zero current, which fills in all aperture of the  
channel: 
∍ = A

bo + 1 + bo
2

,        or         ∍ = A ( 1 + bo
2  - bo) .                (2.208) 

 
Substitution of the expression for space charge parameter bo, Eq. (2.201), 
into Eq. (2.208) gives for maximum transported beam current: 
 

                   
Imax =

Ic

2
(βγ )3 A µo

L
(1− ∍2

A2 ) .                                     (2.209) 

 

Approximation of the value of limited beam current by Eq. (2.209) 
becomes better with increase of beam current, because in this case the 
transverse oscillation frequency   / 2  <<1 drops and smooth approximation 
is improved. 

Beam Current Limit 
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Rms Beam Envelopes (F.Sacherer, P.Lapostolle, PAC 1971) 

 эx =4 < x2 >< x '2 > − < xx ' >2

 эy =4 < y2 >< y '2 > − < yy ' >2

Rms envelope equations 

2-rms beam envelopes 

4-rms beam emittances 
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Beam Drift in Free Space 
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Drift of Space-Charge Dominated Beam 
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On maximum current transported through the tube  

Maximum Beam Current Transported Through the Tube  
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Optimization of Beam Drift Space 

41 



Envelope Instability 

Averaging procedure (smooth approximation) was based on assumption that
 solution of envelope equations are stable 

d 2Rx

dz2
−
∍x
2

Rx
3 + k(z)Rx −

2P2

(Rx + Ry )
= 0

d 2Ry

dz2
−
∍y
2

Ry
3 − k(z)Ry −

2P2

(Rx + Ry )
= 0

Envelope Equations 

 Rx (z) = Rx (z)+ ξx (z)

 Ry (z) = Ry (z)+ ξy (z)
Let us represent solution as a combination of
 periodic solutions                     and
 deviations from that  

 
Rx (z),  Ry (z)

ξx (z), ξy (z)

ξx
" + ξxa1(z)+ ξyao(z) = 0

ξy
" + ξya2 (z)+ ξxao(z) = 0

 
a1(z) = k(z)+ 3

∍x
2

Rx
4 +

2P2

( Rx + Ry )
2

 
a2 (z) = −k(z)+ 3

∍y
2

Ry
4 +

2P2

( Rx + Ry )
2

 
ao(z) =

2P2

( Rx + Ry )
2

Equations for deviations from periodic 
solution: 



In smooth approximation                      and
 equations for deviations from periodic
 solution, where coefficients 

 
Rx = Ry = R

ao =
P2

2R2
a1 = a2 =

µo
2

L2
+ 3 ∍x

2

R4 +
P2

2R2

ξx
" + ξxa1 + ξyao = 0

ξy
" + ξya1 + ξxao = 0

µ2 = µo
2 − P2 (L

R
)2

 
э= µR2

L

Taking into account expression for phase
 advances (depressed and undepressed),
 as well as expression for unnormalized
 beam emittance, we get equations for 
oscillations of two envelope modes 

(ξx + ξy )"+
σ even
2

L2
(ξx + ξy ) = 0

(ξx −ξy )"+
σ odd
2

L2
(ξx −ξy ) = 0

Symmetric envelope mode 

Anti-symmetric envelope mode 

Envelope Oscillations Modes 

σ even = 2(µo
2 + µ2 )

σ odd = µo
2 + 3µ2

Envelope Instability:                      or  σ even = 180
o σ odd = 180

o 43 



Beam envelope instability for                               (A.Pisent, CERN-2005-004, p.198).  µo = 104
o,  µ = 70o

σ even = 2µo
1
2
+ 1
2
( µ
µo

)2 < 2µo

σ odd = 2µo
1
4
+ 3
4
( µ
µo

)2 < 2µo

µo < 90
oNo instability for  
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 Multipole KV Beam Instability Modes  (I.Hofmann, L.Laslett,
 L.Smith, 1983, I.Hofmann , 1998)  
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 Experiments on Stability of
 Transport Beam at LBNL (1985 )
 and University of Maryland (1995) 
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Solenoid	  Focusing	  

FNAL	  Solenoids	  



Dynamics in Axial-Symmetric Magnetic Field 

An area of special interest in beam dynamics is an axially-symmetric 
static field, E = 0, B = 0, which is common in beam transport. In this 
case, all partial derivatives over the azimuth angle are equal to zero, 
∂/∂θ = 0, and the canonical angular momentum is a constant of 
motion: 

Pθ = mγ  r2  d θ
dt

 + r qAθ = const
 .                            (1.87) 

 
The angular component of the vector – potential is given by 

 
Aθ = Ψ

2πr  ,                                             (1.88) 
 
where  is the magnetic flux 
 

Ψ  = Bz 2π  r '  dr '
o

r

.                                             (1.89) 

 

Equation of radial particle motion:  
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Substitution of Eq. (1.88) into Eq. (1.87) gives: 
 

r2 d θ
dt

 +  q Ψ
2πmγ

 = const.                                         (1.90) 
 
If we denote the initial conditions as θo, ro, Ψo, Eq. (1.90) can be rewritten as  
 

 
r2 θ − ro

2 θo = − q
2πmγ

(Ψ−Ψo ) ,                                     (1.91) 
 
which is known as Busch's theorem. It states that change in angular 
momentum of a particle in a static magnetic field is defined by the change in 
magnetic flux comprised by the particle trajectory.  
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Typical particle trajectories in magnetic field with beam space charge
 (from G. Brewer, 1967). 
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Phase space trajectories in magnetic field. 
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KV Equations in Longitudinal Magnetic Field 
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Beam Equilibrium in Magnetic Field 
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Maximum Transported Beam Current in Uniform Magnetic Field 

I ≠ 0, ∍ < A I = 0, ∍ = A 
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Brillouin Flow 
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Oscillations Around Equilibrium Radius 
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Beam Transport in Periodic Structure of Axial-Symmetric Lenses 
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Linear Transfer Matrix of Solenoid (S.Y. Lee, Accelerator Physics, (1999) p.180) 
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Matrix Method for Periodic Structure of Axial-Symmetric Lenses 

Periodic structure of focusing solenoids.  

θ =
qBoD
2mcβγ

Rotational angle of particle trajectory in a
 solenoid  

The transformation matrix in a rotating frame through a period of the structure
 between centers of solenoids  

=
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Matched Beam with I = 0 in Periodic Focusing Structure 
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M 2MSM1 =
1 0

− 1
2 f

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1 S
0 1

⎛
⎝⎜

⎞
⎠⎟

1 0

− 1
2 f

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
=

1− S
2 f

S

− 1
f
+ S
4 f 2

1− S
2 f

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

Transformation matrix  
between lens centers: 

MS
2

M fM S
2

= 1 S
2

0 1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

1 0

− 1
f

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1 S
2

0 1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ =

1− S
2 f

S
2
(2 − S

2 f
)

− 1
f

1− S
2 f

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

Transformation matrix
 between drift centers 

cosµo ≈1−
µo
2

2
= m11 +m22

2
= 1− S

2 f
Phase advance per
 period 

µo =
S
f

βmax =
S

sinµo
Max value of beta-function βmax =

m12

sinµo

Min value of beta-function βmin =
m12

sinµo

βmin =
S

sinµo

(1− µo
2

4
)βmin =

S
sinµo

(1− S
4 f
)

Thin Lens Analysis of Periodic Focusing Circle Lenses 

f = D
θ 2

= 4
D
(mcβγ
qBo

)2Focal length of
 thin solenoid
 lens  



A = a2

βmax
A = a

2

S
sinµo

cosµo ≤1

Acceptance of the channel 

Single particle stability criteria: 0 ≤ S ≤ 4 f

Maximum acceptance µo =
π
2

Amax =
a2

S
cosµo = 0 S = 2 f

Acceptance and Stability Criteria 

f
S
≥ 1
4
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Matching of the Beam with Negligible Current 

 Rmax = βmaxэ
 
Rmax =

эS
sinµo

 

Rmax = эS  [
4( f
S
)2

4( f
S
)−1

]1/4

 Rmin = βminэ

Max beam radius 

Min beam radius Rmin = Rmax 1− S
4 f

Matched beam with zero current in periodic structure of axial-symmetric lenses. 

For max acceptance S = 2 f

Rmax
Rmin

= 2
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Dynamics of Space-Charge Dominated Beam in Periodic
 Solenoid  Structure 

 

d 2R
dt 2

+ω L
2R −

э2 (βc)2

R3
−
2I c2

IcRβγ
3 = 0

B2 (z) = Bo
2[D
L
+
2
π

1
nn=1

∞

∑ sin(πnD
L
)cos(2πnz

L
)]

 

d 2R
dt 2

= −
R
2π
(qBo
mγ

)2 1
nn=1

∞

∑ sin(πnD
L
)cos(2πnβct

L
)  − RD

4L
(qBo
mγ

)2 + э
2 (βc)2

R3
+
2I c2

IcRβγ
3

Envelope Equation 

Fourier Expansion of Magnetics Field 

Envelope Equation with Expansion of Magnetic Field 
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Applicability of Smooth Approximation to Beam Envelope 
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Smooth Approximation in Space-Charge Dominated Regime 
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Maximum Transported Beam Current 

Matched beam with maximum current in periodic structure of axial-symmetric lenses. 

On maximum current transported through the tube  

I lim = 1.17Ic (βγ )
3(Rmax

L
)2

Maximum beam current 

dR
dz

=
4I lim
Ic (βγ )

3 ln(
Rmax
Rw

) ≈ 2 Rmax
L

Beam slope after lens  

Required focal length  f ≈ L
4
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Similar results can be obtained for another distribution function 

f = fo exp(−
H
Ho

)

Space charge density for different distributions: 
(solid)  
(dotted)  f = fo exp(−H /Ho )

f = fo , H ≤ Ho
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Performed anlysis shows, that for small values of space charge 
forces, particle phase space trajectories are close to elliptical, and 
beam profile density is essentially nonlinear. With increase of space 
charge forces, boundary particle trajectories become more close to 
rectangular, and density beam profile becomes more uniform. In 
space charge dominated regime, stationary beam profile tend to be 
uniform, and space charge field of the beam compensates for external 
field.  
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Non-Uniform Beam Equilibrium 

Assume that the beam is propagating in continuously focusing channel, and is  matched with the 
channel. Hence, the Hamiltonian is a constant of motion: 
 

H = 
 px2 + py2

2mγ
 + q U (x,y) = const .                       (4.3) 

 
The total potential of  the structure is a combination of  the external focusing potential, Uext, and the 
space charge potential Ub of the beam,  U = Uext + Ubγ  -2. The time-independent distribution 
function of a matched beam obeys Vlasov's equation, where the partial derivative of the distributio n 
function over time is equal to zero due to assumption of a matched beam: 
 

1
mγ

 (∂f
∂x

 px + ∂f
∂y

 py) - q ( ∂f
∂px

 ∂U
∂x

 + ∂f
∂py

 ∂U
∂y
) = 0

 
.              (4.4) 

 
 

Non-uniform beam in general case is intrinsically mismatched with linear focusing channel. 
Meanwhile, it is possible to find matched solution for non-uniform beam without emittance growth, if 
we refuse from linearity of focusing field.  
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Consider a z - uniform beam with Gaussian distribution function in four - dimensional phase space:  
 

f = fo exp ( - 2  x
2+ y 2 

R2
 - 2 

  px2 + py2 

po2
 ).                             (4.7) 

 
This distribution has an elliptical phase space projection at every phase plane with normalized root-
mean-square beam emittance:  

ε = 4
m c

 <x2> <px2> - <xpx>2
 
= R  po

m c 
.                     (4.8) 

 
Substituting the distribution function, Eq. (4.7), into Vlasov's equation yields an expression for the  
total unknown potential of the structure: 
 

mc 2
q  1

γ
 (x px + y py)  =  R

4

ε 2
  ( px  ∂U

∂x
 + py  ∂U

∂y
 ).              (4.9) 

 
Vlasov's equation can be se parated into two independent parts for x- and y- coordinates 
respectively: 

∂U
∂x

 =  mc 2 ε 2

γ  q R4
  x  ,            ∂U

∂y
 =  mc 2 ε 2

γ  q R4
  y  .          (4 .10)  
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Combining solutions of Eq. (4.10), the total potential of the structure is a quadratic function of 
coordinates which creates linear focusing field Etot: 

U(x,y)  =  mc 2
q  1

γ
 ε
2

R4
  (  x

2 + y 2

2
 )
 
,                       (4.11) 

 

Etot = - mc 2
q  1

γ
 ε
2

R4
  r 

 
.                           (4.12) 

  
The appearance of quadratic terms in the total potential of the structure is quite clear because phase 
space projections of the beam have elliptical shape which is conserved in linear  field. The space 
charge field of the beam, Eb, is calculated  from Poisson's equation using a known space charge 
density function of the beam b: 

ρb = ρo exp ( - 2 r 2

R2
)
 
,                                    (4.13) 

 

Eb = - ∂Ub

∂r
  = I

 2π  εo β c   
 1r  [ 1 - exp( - 2 r2

R2
 )],            (4.14) 

 
where  = 2I/( c  R

2
) is the space charge density at the axis. 
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Subtraction of the space charge field from the total field of the structure gives the expression for the  
external focusing field of the structure which is required for conservation of the beam: 
 

Eext  = - mc 2
q R γ

  [  ε
2 r

R3
  + 2 I

Ic βγ
  Rr   ( 1 - exp ( - 2 r 2

R2
 ) )] ,     (4.15) 

 
The relevant potential of the focusing field is given by the expression: 
 

Uext  (r) = mc 2
qγ

 [( ε
2

2R4
 + 2I

Icβγ R2
 ) r 2 + 2I

 Icβγ
 (- r 4

2R4
 + 2
9

 r 6

R6
  +...+  (-1)

k+1 2k    r 2k

2k k ! R2k
 ) ].      (4.16) 

 
 

External potential of the structure, E q. (4.16), consists of two parts: quadratic (which produces 
linear focusing) and the part with higher order terms which describe nonlinear focusing. The linear 
part depends on the values of beam emittance and on the beam current, while the nonlinear part 
depends on beam current only. This means that the external field has t o compensate the nonlinearity 
of self-field of th e beam and produ ce required linear focusing of th e beam to kee p the elliptical 
beam phase space distribution. 
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Required potential distributio n can be crea ted by introducing inside the transport channel an 
opposite charged cloud of particles (plasma lens) with the space charge density: 
 

ρext   = ρo exp ( - 2 r 2

R2
) +   Ic ε 2

2πc R4
.                             (4.17) 

 

                   
Total field of the structure Etot, required external focusing field Eext,         Charged particle density of the transported beam 
and space-charge field of the Gaussian beam Eb.                                        with Gaussian distribution, and of the external 
                                             focusing beam 
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Beam Current Measurement 

LANL beam current monitor 
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Faraday Cups 



Harps (Profile Monitors) 

    1.3 mil carbon wires 
    76 wires 
    20 mil spacing 
    Soldered on to g-10 board 
    1.5” aperture  
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Scintillation Screens and Steering Magnets 

View of a Chromolux screen with a
 camera. The screen is illuminated by
 an external light. The lines have a
 separation of 5mm (P.Forck, 2011). 

LANSCE phosphor screens illuminated
 by 800 MeV proton beam 

Steering magnet 
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Beam Position Monitors 

LANSCE BPM 

Scheme of pick-up electrode
 (P.Forck, 2011). 
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