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The classical approach is briefly described, main formulas are The classical approach is briefly described, main formulas are 
given but generally not derived. given but generally not derived. 

The detailed derivation can be found in any classical The detailed derivation can be found in any classical 
electrodynamics book and it is beyond the scope of this course.electrodynamics book and it is beyond the scope of this course.

A semiA semi--classical approach by Max classical approach by Max ZolotorevZolotorev is also presented is also presented 
that gives an "intuitive" view of the radiation process.that gives an "intuitive" view of the radiation process.

The scope of this lecture is to give a quick review of The scope of this lecture is to give a quick review of 
the physics of radiation from charged particles.the physics of radiation from charged particles.

A basic knowledge of electromagnetism laws is A basic knowledge of electromagnetism laws is 
assumed.assumed.
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A particle with charge A particle with charge q q is moving along the trajectoryis moving along the trajectory r'r' ((tt)), , the vector the vector rr
definesdefines the observation point the observation point PP. . R = rR = r -- r'  r'  is the vector with magnitude is the vector with magnitude 
equal to the distance between the particle and the observation pequal to the distance between the particle and the observation point.oint.

( ) ( ) ( )[ ]dtcRt
R

qtd ττδ
τ

ϕ +−=,r

So the total potential at the point So the total potential at the point PP at the time at the time tt is given by:is given by:

( )
c

Rt ττ +=

The particle at the time The particle at the time ττ generates a generates a 
Coulomb potential that will contribute Coulomb potential that will contribute 
to the potential at the point to the potential at the point PP at a later at a later 

time time tt given by (given by (cgscgs units): units): 
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And analogously for the vector potential:And analogously for the vector potential:
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The field components can be calculated from the The field components can be calculated from the LienardLienard--WiechertWiechert
potentials and the relations:potentials and the relations:
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where the quantities on the where the quantities on the RHSRHS of the expressions are calculated at of the expressions are calculated at ττ = = tt -- RR((ττ )/)/cc..

EBEnB tolarperpendicuis⇒×=

The first term of the electric field depends on the particle speThe first term of the electric field depends on the particle speed and ed and 
converges to the Coulomb field when converges to the Coulomb field when vv goes to zero. goes to zero. 

The second term is non zero only if the particle is accelerated.The second term is non zero only if the particle is accelerated.
Charged particles when accelerated radiate electromagnetic wavesCharged particles when accelerated radiate electromagnetic waves..

When the observation direction When the observation direction nn is parallel to the particle trajectory is parallel to the particle trajectory ββ and and 
the acceleration the acceleration ddββ//dtdt is perpendicular to is perpendicular to ββ, the resulting electric field is , the resulting electric field is 
parallel to the acceleration. If parallel to the acceleration. If ddββ//dtdt is parallel to is parallel to RR there is no radiation.there is no radiation.

RwithR == RnR
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The radiated electric field can be expressed in frequency domainThe radiated electric field can be expressed in frequency domain::

I.M.TernovI.M.Ternov
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The equivalence of the two expressions can be shown by integratiThe equivalence of the two expressions can be shown by integration by parts and the on by parts and the 
quantities on the quantities on the RHSRHS of the expressions are again calculated at of the expressions are again calculated at ττ = = tt -- RR((ττ )/)/cc..

L. D. LandauL. D. Landau

Accelerator-Based Sources of Coherent Terahertz Radiation – UCSC, Santa Rosa  CA, January 21-25, 2008

Emission by RelativisticEmission by Relativistic
Electron in Free SpaceElectron in Free Space

Radiation by Charged
Particles: a Review

F.Sannibale

Landau also showed that when Landau also showed that when rr >> >> r'r' and and R ~ RR ~ R00 = r= r then the vector potential in then the vector potential in 
frequency domain can be written as:frequency domain can be written as:
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The last integral is calculated on the particle trajectory and sThe last integral is calculated on the particle trajectory and shows that for hows that for rr >> >> r'r' ,,
the net radiation is the result of the interference between planthe net radiation is the result of the interference between plane wavese waves emitted by emitted by 

the particle during its motion.the particle during its motion.
For a relativistic particle in rectilinear motion in a uniform mFor a relativistic particle in rectilinear motion in a uniform media the interference edia the interference 

is fully destructive and no radiation is emitted. is fully destructive and no radiation is emitted. 
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By applying the Heisenberg uncertainty principle for the photon By applying the Heisenberg uncertainty principle for the photon case we obtain:case we obtain:
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=and theand the transverse coherence lengthtransverse coherence length asas

By using the previous results, we can define theBy using the previous results, we can define the
volume of coherence volume of coherence VVCC in the 6in the 6--D phase spaceD phase space ( )34πλ=CV

θpw

p

Two photons inside Two photons inside VVCC are indistinguishable, or in other words are in the same are indistinguishable, or in other words are in the same 
coherent statecoherent state or or modemode. . 
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The transform limited length of a pulse with bandwidth The transform limited length of a pulse with bandwidth ∆ω∆ω is is 
ττCC = 1/= 1/∆ω, ∆ω, so theso the longitudinal coherence lengthlongitudinal coherence length is defined asis defined as
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Let us consider a wave focused into a waist of diameter Let us consider a wave focused into a waist of diameter d. d. Field components and Field components and 
wave vector as in the figure. From Stokes theorem and Faraday lawave vector as in the figure. From Stokes theorem and Faraday law (w (SISI units):units):
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If we Integrate over the dotted path, we notice that If we Integrate over the dotted path, we notice that 

the integral on the left is not vanishing. This implies the integral on the left is not vanishing. This implies 
that the magnetic fieldthat the magnetic field must havemust have a component a component 

parallel to parallel to kk due to diffraction.due to diffraction.
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One can say that the waist diameter is diffraction limited and One can say that the waist diameter is diffraction limited and dd
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This allows to define a 6This allows to define a 6--D phase space volume D phase space volume VVCC

By applying the  Heisenberg uncertainty principle to By applying the  Heisenberg uncertainty principle to emittanceemittance::
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By analogy with the photon case we can say that By analogy with the photon case we can say that VVCC is theis the coherence volume coherence volume 
for the particle.for the particle.
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Two particles inside Two particles inside VVCC are indistinguishable, or in other words are in the are indistinguishable, or in other words are in the 
same coherent state. same coherent state. 
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The relation between The relation between brightness brightness BB and and δδ is:is:

The The limit value of limit value of δδ is is infinity for bosonsinfinity for bosons, and , and 2 for non 2 for non 
polarizedpolarized--fermionsfermions because of the because of the PauliPauli exclusion principle.exclusion principle.
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TheThe degeneracy parameter degeneracy parameter δδ is defined as the number of particles is defined as the number of particles 
(photons, electrons, ... ) in the volume of coherence (photons, electrons, ... ) in the volume of coherence VVCC
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for thermal sources of radiation in the visible range for thermal sources of radiation in the visible range 

for a 1 Joule laser in the visible range for a 1 Joule laser in the visible range 

for synchrotron sources of radiation in the visible rangefor synchrotron sources of radiation in the visible range
((ωω ~ 10~ 101515 ss--11,  ,  ττbb ~ 10 ~ 10 psps, , NNee ~ 10~ 1099, , αα ~ 1/137)~ 1/137)

PhotonsPhotons (spin 1)(spin 1)

ElectronsElectrons (spin 1/2)(spin 1/2)
for electrons in a metal at for electrons in a metal at TT = 0 = 0 ooKK

(maximum allowed for (maximum allowed for unpolarizedunpolarized electrons)electrons)

for electrons from for electrons from RFRF photo gunsphoto guns

for electrons from needle (field emission) cathodesfor electrons from needle (field emission) cathodes
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For a beam (particles or photons in paraxial approximation) drifFor a beam (particles or photons in paraxial approximation) drifting in a free ting in a free 
space of length space of length zz::
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Let's assume that the beam for Let's assume that the beam for z z = 0= 0 is in a is in a waistwaist
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the the RayleighRayleigh rangerange asas ww σ20 =and the photon and the photon 

beam size asbeam size as

Note that the Note that the zz00 in optics plays the same role of in optics plays the same role of ββ in particle physicsin particle physics
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Light opticsLight optics
(paraxial approximation)(paraxial approximation)

Accelerator opticsAccelerator optics
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The The emittanceemittance of the higher order modes is of the higher order modes is 
proportional to the number proportional to the number mm of transverse spots of transverse spots 
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Transverse ModesTransverse ModesRadiation by Charged
Particles: a Review
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GaussianGaussian modemode: the fundamental mode for both : the fundamental mode for both LGLG and HG modesand HG modes

Transverse modes define the intensity profile of photon beams.Transverse modes define the intensity profile of photon beams.
Transverse ElectroTransverse Electro--Magnetic or TEM modes are of particular interest. Magnetic or TEM modes are of particular interest. 

LGLGpqpq modesmodes HGHGpqpq modesmodes

These can present cylindrical These can present cylindrical simmetrysimmetry ((LaguerreLaguerre--GaussianGaussian modes modes radiallyradially
polarized) or rectangular (polarized) or rectangular (HermiteHermite--GaussianGaussian modes linearly polarized):modes linearly polarized):

k
mm
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WeizsäckerWeizsäcker--Williams MethodWilliams Method
of Virtual Photonsof Virtual Photons

Radiation by Charged
Particles: a Review
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The method exploits the fact that the field of a relativistic paThe method exploits the fact that the field of a relativistic particle is very similar to rticle is very similar to 
the one of a plane wave.the one of a plane wave.

Because of this, the particle can be replaced byBecause of this, the particle can be replaced by virtual photonsvirtual photons (plane wave) that (plane wave) that 
with their field represent the field of the particle.with their field represent the field of the particle.
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By Fourier transforming, the spectrum of the energy By Fourier transforming, the spectrum of the energy WW
per unit area due to the two terms is obtained: per unit area due to the two terms is obtained: 
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and in the laboratory frame:and in the laboratory frame:
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of the Virtual Photonsof the Virtual Photons
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The total energy spectrum is obtained by integrating the The total energy spectrum is obtained by integrating the 
previous spectrum over the possible values of previous spectrum over the possible values of bb::
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The number of virtual photons per mode is given by:The number of virtual photons per mode is given by: ( ) ( ) ( ) ω
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The spectrum of the virtual photons associated with a The spectrum of the virtual photons associated with a 
particle extends up to about theparticle extends up to about the critical wavelength critical wavelength ωωCC
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The complete analytical solution can be derived The complete analytical solution can be derived 
but the following approximations are very useful:but the following approximations are very useful:
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The Calculation of The Calculation of bbminmin
Radiation by Charged

Particles: a Review
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The quantity The quantity bb is the distance between the observation point and the particle is the distance between the observation point and the particle 
trajectory (the trajectory (the impact parameterimpact parameter in collision terminology)in collision terminology)

in our case in our case ββ ~ 1~ 1 and and σσ''xx ~ 1/2~ 1/2γγ

that used in a that used in a 
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(The "log" term for typical cases ranges from few units to few t(The "log" term for typical cases ranges from few units to few tens)ens)

We already derived that for a particle We already derived that for a particle yxw
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The position of the particle cannot be defined The position of the particle cannot be defined 
within within σσww minmin, the, the coherence lengthcoherence length.. It is It is 
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This expression shows how many virtual photons per mode are This expression shows how many virtual photons per mode are 
readily "available" for radiation!readily "available" for radiation!
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We just showed that the quantity We just showed that the quantity bbminmin represents the transverse coherence of represents the transverse coherence of 
the radiation at the critical wavelength. the radiation at the critical wavelength. 
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~
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We previously found that:We previously found that: πλσσ θ 4~cc
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So independently from the radiating process, theSo independently from the radiating process, the angular angular 
width of the radiation at the critical wavelengthwidth of the radiation at the critical wavelength is always:is always:

We will see later in the talk that each radiation process is chaWe will see later in the talk that each radiation process is characterized by its racterized by its 
own value of own value of bbminmin ((alwaysalways >> b*b*minmin). But before going into that, we can still ). But before going into that, we can still 

extract some additional information common to all cases.extract some additional information common to all cases.
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Virtual Photons Became Real:Virtual Photons Became Real:Radiation by Charged
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We now know that a drifting particle can be considered as surrouWe now know that a drifting particle can be considered as surrounded by a cloud nded by a cloud 
of virtual photons responsible for the particle field.of virtual photons responsible for the particle field.

Such photons cannot be distinguished from the particle itself buSuch photons cannot be distinguished from the particle itself but...t...

Synchrotron radiationSynchrotron radiation
Edge RadiationEdge Radiation

BremsstrahlungBremsstrahlung, , BeamstrahlungBeamstrahlung

v

-- If in a media the speed of light at a given wavelength is smallIf in a media the speed of light at a given wavelength is smaller than the particle er than the particle 
speed the photons lag behind the particle and separate.speed the photons lag behind the particle and separate.

CerenkovCerenkov radiationradiation v RadiallyRadially polarized andpolarized and
hollow due to symmetry hollow due to symmetry 

-- If a particle goes through an aperture with diameter If a particle goes through an aperture with diameter 22bb smaller than or smaller than or 
comparable with the transverse coherence length of some of its vcomparable with the transverse coherence length of some of its virtual photons irtual photons 

those photons will be diffracted and reflected.those photons will be diffracted and reflected.
DiffractionDiffraction

Transition radiationTransition radiation
(Smith(Smith--Purcell)Purcell)

RadiallyRadially polarized andpolarized and
hollow due to symmetryhollow due to symmetry

(not Smith(not Smith--Purcell) Purcell) 

( )λncv >

b
w

wc >=
π
λγ

πσ
λσ

θ 2
~

2
2

-- If the charged particle receives a kick that delays it from itsIf the charged particle receives a kick that delays it from its virtual photons the virtual photons the 
photons can be separated and become realphotons can be separated and become real

In vacuum when In vacuum when γγ >> 1>> 1 the only practical way is by a transverse kick:the only practical way is by a transverse kick:

metalmetal

SynchrotronSynchrotron
RadiationRadiation
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Virtual photons become real after the parent particle travels foVirtual photons become real after the parent particle travels for one r one LLFF

TheThe formation length formation length LLFF is the trajectory length that a particle has to travelis the trajectory length that a particle has to travel in in 
order that the radiated order that the radiated wavefrontwavefront advances one advances one λλ/2/2ππ ((one radianone radian)) ahead of the ahead of the 

particle trajectory projection particle trajectory projection along the observation directionalong the observation direction..

Example: formation length for diffraction or transition radiatioExample: formation length for diffraction or transition radiation n 
emitted during transition from media to vacuum:emitted during transition from media to vacuum:
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If we observe the radiation at If we observe the radiation at λλ ~ ~ λλCC at the peak for at the peak for θθ ~ 1/~ 1/γ γ :: D2~ γFL

θ
D

wavefront

particle
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With reference to the figure and using the definition of With reference to the figure and using the definition of LLFF::
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The angle The angle θθFF = = LLFF//ρρ also indicates also indicates 
the radiation angular width:the radiation angular width:

Low frequencyLow frequency
angular widthangular width
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As it was shown before, the parameter As it was shown before, the parameter bbminmin represents the represents the 
transverse coherence length for the radiation. For synchrotron transverse coherence length for the radiation. For synchrotron 

radiationradiation bbminmin is given by the segment is given by the segment AHAH when when θθFF/2~1//2~1/γγ

And using previous results:And using previous results:

Synchrotron radiation critical Synchrotron radiation critical 
frequency and wavelengthfrequency and wavelength

Low frequency Low frequency 
power spectrumpower spectrum

In the rest of the lecture, we will neglect the log and the In the rest of the lecture, we will neglect the log and the --1/21/2 terms and the terms and the 2/2/ππ factor factor 
because for all radiation processes they are together of the ordbecause for all radiation processes they are together of the order of the unit.er of the unit.
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We already calculated the formation length for this case:We already calculated the formation length for this case:
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The intensity peaks at The intensity peaks at θθ ~ 1/~ 1/γγ where where LLFF ~ ~ λγλγ22/2/2ππ and the power spectrum is:and the power spectrum is:

Low frequency power Low frequency power 
spectrum @ spectrum @ θθ ~ 1/~ 1/γγ

So for So for aa = 1= 1 mm and a 1 mm and a 1 GeVGeV electron, the diffraction electron, the diffraction 
radiation spectrum extends to up radiation spectrum extends to up ~~ ωωCC/2/2π π ~ 100 ~ 100 THzTHz

((λλCC ~ 3 ~ 3 µµmm).).
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The fields of a relativistic particle crossing a media interact The fields of a relativistic particle crossing a media interact with with 
the electrons of the media itself . Such electrons move under ththe electrons of the media itself . Such electrons move under the e 
action of the time varying electric field up to frequencies of taction of the time varying electric field up to frequencies of the he 

order of theorder of the plasma frequency. plasma frequency. Above this frequencyAbove this frequency the the 
electrons in the media cannot respond to the too fast excitationelectrons in the media cannot respond to the too fast excitation

anymore andanymore and the mediathe media becomes transparent at these high becomes transparent at these high 
frequency componentsfrequency components..
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The intensity peaks at The intensity peaks at θθ ~ 1/~ 1/γγ where where LLFF ~ ~ λγλγ22

and the power spectrum becomes:and the power spectrum becomes:

Low frequency power Low frequency power 
spectrum @ spectrum @ θθ ~ 1/~ 1/γγ

For a unity density material, For a unity density material, ωωPP ~ 3 ~ 3 xx 10101616 ss--11 and with a 1 and with a 1 
GeVGeV electron, the transition radiation spectrum extends electron, the transition radiation spectrum extends 

to up to up ~~ ωωCC/2/2π π ~ 3 ~ 3 xx 10101818 HzHz ((λλCC ~ 0.1 nm ~ 0.1 nm -- hard xhard x--rays)!rays)!
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Transition radiation can be viewed as diffraction radiation throTransition radiation can be viewed as diffraction radiation through a hole of the ugh a hole of the 
size of ~ a plasma wavelength!size of ~ a plasma wavelength!
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For the emission of For the emission of CerenkovCerenkov radiation:radiation:
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As for the transition radiation case, in principle also for the As for the transition radiation case, in principle also for the CerenkovCerenkov bbminmin~~λλPP..
Nevertheless, the requirement Nevertheless, the requirement β β c c > > cc//nn((ωω) ) imposes limitations to the bandwidth.imposes limitations to the bandwidth.
Additionally, in order to extract the radiation from the media tAdditionally, in order to extract the radiation from the media the latter must be he latter must be 

transparent at that wavelength. transparent at that wavelength. 
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We now want to investigate the case where many particles radiateWe now want to investigate the case where many particles radiate
together in a beam. We will show that for whatever radiation protogether in a beam. We will show that for whatever radiation process cess 

(synchrotron radiation, (synchrotron radiation, CerenkovCerenkov radiation, transition radiation, etc.)radiation, transition radiation, etc.) the the 
incoherent component of the radiation is due to the incoherent component of the radiation is due to the random distributionrandom distribution

of the particles along the beam.of the particles along the beam.
Example:Example: "Ideal" coasting beam moving on a circular trajectory "Ideal" coasting beam moving on a circular trajectory 

with the particles equally separated by a longitudinal distance with the particles equally separated by a longitudinal distance dd ::

In a more realistic coasting beam, the In a more realistic coasting beam, the 
particles are randomly distributed causing a particles are randomly distributed causing a 

small modulation of the beam current. small modulation of the beam current. 
The interference is not fully destructive The interference is not fully destructive 
anymore and the beam radiates also at anymore and the beam radiates also at 

longer wavelengths.longer wavelengths.

No synchrotron radiation emission for No synchrotron radiation emission for 
frequencies with frequencies with λλ < ~ < ~ dd..

The interference between the radiation The interference between the radiation 
emitted by the evenly distributed electrons emitted by the evenly distributed electrons 

produces a vanishing net electric field.produces a vanishing net electric field.

Accelerator-Based Sources of Coherent Terahertz Radiation – UCSC, Santa Rosa  CA, January 21-25, 2008
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If the particleIf the particle turn by turn positionturn by turn position along the beamalong the beam changeschanges
(longitudinal dispersion, path length dependence on transverse p(longitudinal dispersion, path length dependence on transverse position), osition), 

the current modulation changes andthe current modulation changes and
the radiated energy and its spectrum the radiated energy and its spectrum fluctuatefluctuate turn by turnturn by turn. . 

By averaging over multiple By averaging over multiple 
passages, thepassages, the measured spectrum measured spectrum 

converges to the characteristic converges to the characteristic 
incoherent spectrum of the radiation incoherent spectrum of the radiation 

process under observation.process under observation.
(synchrotron radiation in the (synchrotron radiation in the 

example). example). 

In the case of bunched beams, a strong coherent component at thoIn the case of bunched beams, a strong coherent component at those se 
wavelengths comparable or longer than the bunch length shows up wavelengths comparable or longer than the bunch length shows up But But 

thethe higher frequency part of the spectrum remains essentially unmodihigher frequency part of the spectrum remains essentially unmodifiedfied. . 
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The electric field associated with the radiation The electric field associated with the radiation 
emitted by the beam at the time emitted by the beam at the time tt is:is: ( ) ( )∑
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where where ee is the electric field of the electromagnetic pulse radiated by is the electric field of the electromagnetic pulse radiated by a a 
single particle and single particle and ttkk is theis the randomly distributed arrival time of the particlerandomly distributed arrival time of the particle

(Poisson process).(Poisson process).

In the frequency domain:In the frequency domain:

And for theAnd for the radiated power radiated power 
per passageper passage::

TheThe previous quantity fluctuates passage to passageprevious quantity fluctuates passage to passage, and the average , and the average 
radiated power from a beam with normalized distribution  radiated power from a beam with normalized distribution  f f ((tt)) is:is:

Coherent termIncoherent term
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In the case of the ideal coasting beam, explain what happens wheIn the case of the ideal coasting beam, explain what happens when n 
λλ > = > = dd..
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Derive the formula for the coherent synchrotron radiation.Derive the formula for the coherent synchrotron radiation.

Explain what happens when a charged particle goes through a Explain what happens when a charged particle goes through a 
periodic iris structure.periodic iris structure.

Using the expression for the electric field derived from the Using the expression for the electric field derived from the LienardLienard--
WiechertWiechert potentials describe the polarization (direction of the potentials describe the polarization (direction of the 

electric field) when the acceleration is parallel to the velocitelectric field) when the acceleration is parallel to the velocity but y but 
the observation direction is not.the observation direction is not.


