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Accelerator Physics: Homework 5 
 

Due date: Tuesday, January 22, 2008 
 
 
1. Coupling non-linear resonance 
 
Consider an uncoupled linear motion in a storage ring, parameterized by  

€ 

x = 2Ix wx (s)cos ψx (s) +ϕx( );  y = 2Iy wy (s)cos ψy (s) +ϕy( ),  (1) 

in the presence of additional non-linear term in the Hamiltonian  

€ 

HNL =α s( )xn ym .   (2) 

All coefficients above are periodical with the ring circumference, C, except the betatron 
phases  

€ 

ψx,y (s+ C) =ψx,y (s) + 2πQx,y.  

Here: n, m, k, l are integer numbers. 
(a) (5 points) write slow equation of motion for the action-angle variables; 
(b) (5 points) consider resonant conditions 

€ 

nQx + mQy = k + δQ;   δQ <<1, i.e. a sum 
resonance, and find the expression for the resonant term in the Hamiltonian and 
the slow equations of motion; 

(c) (5 points) consider resonant conditions 

€ 

nQx −mQy = l + δQ;   δQ <<1 i.e. a 
difference resonance,  and find the expression for the resonant term in the 
Hamiltonian and the slow equations of motion; 

(d) (10 points) show that in the resonance approximation 

€ 

δQ <<1, we have 
additional invariants of motion: 

€ 

nIy −mIx = inv  for the sum resonance and 

€ 

nIy + mIx = inv  for the difference resonance. Derive your conclusions on what 
resonance can be more dangerous from a perspective of continuous growth of the 
amplitudes (i.e. possibility to loose a beam at the walls of vacuum chamber)? 

(e) (5 points) qualitatively answer the question if this term in the Hamiltonian can 
drive other 

€ 

NQx ± MQy = K + δQ;   N ≠ n;M ≠ m  in the first order of perturbation 
theory? 

 



Solution: 
(a) after transition to the phase-action variables, we have only non-linear part of the 
Hamiltonian (2) is remaining, which we should express through new variables  

€ 

HNL =α s( )xn ym =α s( ) 2Ix
n
wx

n (s)cosn ψx (s) +ϕx( ) 2Iy
m
wy

m (s)cosm ψy (s) +ϕy( ),
HNL = ρ s( )Ix

n / 2Iy
m / 2 cosn φx( )cosm φy( ); ρ s( ) =α s( )2 n+m( ) / 2wx

n (s)wy
m (s); ρ s+ C( ) = ρ s( );

φx,y ≡ψx,y (s) +ϕx,y;  φx,y s+ C( ) = φx,y s( ) + 2πQx,y

  

with trivial equation of motion: 

€ 

dϕx

ds
=
∂HNL

∂Ix
=
n
2
ρ s( )Ix

n
2
−1Iy

m
2 cosn φx( )cosm φy( );

dϕy

ds
=
∂HNL

∂Ix
=
m
2
ρ s( )Ix

n
2 Iy

m
2
−1 cosn φx( )cosm φy( );

dIx
ds

= −
∂HNL

∂ϕx

= nρ s( )Ix
n
2 Iy

m
2 cosn−1 φx( )sin φx( )cosm φy( );

dIy
ds

= −
∂HNL

∂ϕy

= nρ s( )Ix
n
2 Iy

m
2 cosn φx( )sin φy( )cosm−1 φy( );

 

(b,d) 

€ 

nQx + mQy = k + δQ;   δQ <<1, we need to expand cos() via exponents to see the 
oscillating terms: 

€ 

cosn φx( ) = 2−n eiφx + e−iφx( )
n

= 2−n Cn
k

k= 0

n

∑ ei(n−2k )φx ;

cosm φy( ) = 2−m eiφy + e−iφy( )
m

= 2−m Cn
j

j= 0

m

∑ ei(m−2 j )φy ;

HNL = 2−(n+m )ρ s( )Ix
n / 2Iy

m / 2 Cn
j

j= 0

m

∑ Cn
k

k= 0

n

∑ exp i (n − 2k)φx + (m − 2 j)φy( ){ }

 

Each term in the double sum oscillates with its own frequency: the 

€ 

(n − 2k)φx + (m − 2 j)φy advances by 

€ 

2π (n − 2k)Qx + (m − 2 j)Qy{ }. Thus, the phase in 
the resonant term corresponding to our conditions (k=0, j=0), advances by only 

€ 

2πδQ <<1, i.e. it is a resonant terms. The term opposite to in (k=n, j=n) does the 
same thing, it advances by 

€ 

−2πδQ. One thing is easy 

€ 

Cn
0=1 

€ 

Hsum = 21−(n+m )ρ s( )Ix
n / 2Iy

m / 2 cos nφx + mφy( )  



€ 

dϕx

ds
=
∂HNL

∂Ix
=
n
2
21−(n+m )ρ s( )Ix

n
2
−1Iy

m
2 cos nφx + mφy( )

dϕy

ds
=
∂HNL

∂Ix
=
m
2
21−(n+m )ρ s( )Ix

n
2 Iy

m
2
−1 cos nφx + mφy( );

dIx
ds

= −
∂HNL

∂ϕx

= −n ⋅ 21−(n+m )ρ s( )Ix
n
2 Iy

m
2 sin nφx + mφy( );;

dIy
ds

= −
∂HNL

∂ϕy

= −m ⋅ 21−(n+m )ρ s( )Ix
n
2 Iy

m
2 sin nφx + mφy( ).

 

Hence, 

€ 

d mIx − nIy( )
ds

= 0  ⇒ mIx − nIy = inv , 

(c,d) – the only difference in the change of the sign in front of y-phase: 

€ 

Hdif = 21−(n+m )ρ s( )Ix
n / 2Iy

m / 2 cos nφx − nφy( )  

€ 

dϕx

ds
=
∂HNL

∂Ix
=
n
2
21−(n+m )ρ s( )Ix

n
2
−1Iy

m
2 cos nφx −mφy( )

dϕy

ds
=
∂HNL

∂Ix
=
m
2
21−(n+m )ρ s( )Ix

n
2 Iy

m
2
−1 cos nφx −mφy( );

dIx
ds

= −
∂HNL

∂ϕx

= −n ⋅ 21−(n+m )ρ s( )Ix
n
2 Iy

m
2 sin nφx −mφy( );;

dIy
ds

= −
∂HNL

∂ϕy

= +m ⋅ 21−(n+m )ρ s( )Ix
n
2 Iy

m
2 sin nφx −mφy( ).

 

€ 

d mIx + nIy( )
ds

= 0  ⇒ mIx + nIy = inv  

(e) the answer on the question is easy – at difference resonance both amplitudes can 
not grow above some limit imposed by initial conditiona;  

€ 

Ix ≤
inv
m

; Iy ≤
inv
n

;, 

while at the they both can (in principle) grow infinitely: 

€ 

Ix =
n
m

Iy + inv( ). 

 



2. Twisted quadrupole 
(a) (20 points) Find 4x4 matrix of twisted quadrupole, i.e. a quadrupole whose poles 

have torsion. The transverse Hamiltonian of this magnet is: 

€ 

h =
π x
2 + π y

2

2
+ K1

x 2 − y 2

2
+κ yπ x − xπ y( )  

(b) (5 points) Identify when motion in both x and y direction is stable, i.e. there are 
no growing solutions? 

 
Solution: We should use classification all magnetic element done in the conclusion to 
Lecture 4: 

 

€ 

λ2 = a ± b; a = −
f + g + 2L2

2
; b2 =

f − g( )2

4
+ 2L2 f + g( ) + n2  (L4-10) 

In our case: 

€ 

f − g = K1;n = 0;L =κ;   λ2 = a ± b; a = −κ 2; b2 = K1
2;

λ1 = − K1 +κ 2( );λ2 = K1 −κ
2 ;

 

It means that there are two cases (iv and v in out classification: 
 
I) when both eigen values are imaginary, i.e. the conditions we needed to find in the  
(b) part of the problem 

€ 

K1 > −κ 2; λ1 = i κ 2 + K1 = iω1

K1 <κ 2; λ2 = i κ 2 −K1 = −iω2

 

which means 

€ 

−κ 2 < K1 <κ 2; K1 <κ 2 , focusing should not be too strong for rotation to 
give strong focusing effect. In this case one can use very long quadrupole of this type 
without worrying about beam stability. I hope one of you will use such devise in your 
accelerator. 
The matrix is from the same lecture eq (IV-1): 

€ 

M4x4 =
1

ω1
2 −ω2

2 Icosω1s+D sinω1s
ω1

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ D2 +ω2

2I( ) − Icosω2s+D sinω2s
ω2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ D2 +ω1

2I( )
⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

 

We did not asked you to open the brackets – do it using one of tools which guarantee 
correctness of multiplications. 
II) if 

€ 

K1 >κ 2    you have both cos, sin and cosh and sinh term, that later of which are 
growing exponentially at large distances: 

€ 

M4x4 =
1

ω1
2 +ω2

2 Icosω1s+D sinω1s
ω1

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ D2 −ω2

2I( ) − Icoshω2s+D sinhω2s
ω2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ D2 +ω1

2I( )
⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

 (V-1) 

# 



Accelerator Physics: Homework 6 
 

Due date: Wednesday, January 21, 2008 
 

Problem 1. Sextupole terms 
Consider a linear oscillator  

€ 

x =
2I
ω

cos ωs +ϕ( );  π x = ʹ′ x = − 2ωIy sin ωs +ϕ( ),  

€ 

x = Acos ωs +ϕ( );  π x = ʹ′ x = −ωAsin ωs +ϕ( ), 

in the presence of quadratic non-linear term (sextupole term) in the Hamiltonian:  

€ 

h =
π x
2

2
+ω 2 x 2

2
+ K2

x 3

3
 

(a) (20 points) Find first perturbation order terms in 

€ 

I,  ϕ .  

(b) (5 points) Show that far from resonances, there is no average growth in the 
actions and there is no tune dependence on the actions. 

(c) (25 points) Write second order perturbation term for 

€ 

ϕ  and calculate the tune shift 
proportional to the action and to the second order of K2. 

 
Suggestions: (a) note that 

€ 

ω = const , (b) you may use Canonical pair 

€ 

I,ϕ( )  or use 
reduced equation of motion derived by Dr.Pozdeyev in his lecture for 

€ 

A,ϕ( ). Both 
methods will give you the same result. 

 
Solution: Transformation to action-angle variable give shortened Hamiltonian: 

€ 

h =
K2

3
2I
ω

3

cos3 ωs+ϕ( ) =αI3 / 2 cos3φ + 3cosφ( );  φ =ωs+ϕ;

α =
K2

12
2
ω

3

;

cos3 φ( ) =
1
8
eiφ + eiφ( )3

=
1
8
e3iφ + 3eiφ + 3e−iφ + e−3iφ( )

 

Equations of motion are simple: 

€ 

h1 =
K2

3
2I
ω

3

cos3 ωs +ϕ( ) =αI3 / 2 cos3φ + 3cosφ( );  φ =ωs +ϕ;

ʹ′ ϕ =
∂h1

∂I
=

3
2
αI1/ 2 cos3φ + 3cosφ( );  ʹ′ I = −

∂h1

∂ϕ
= 3αI 3 / 2 sin3φ + sinφ( );

  (1) 

where all terms do oscillate and average to zero. Integrating first order oscillating term: 



€ 

ϕ1 =ϕ0 + ˜ ϕ ;   I1 = I0 + ˜ I ;

˜ ϕ =
3
2
αI1/ 2 cos3φ + 3cosφ( )dt

t

∫  =
1

2ω
αI1/ 2 sin3φ + 9sinφ( )

˜ I = 3αI 3 / 2 sin3φ + sinφ( )
t

∫ dt = −
αI 3 / 2

ω
cos3φ + 3cosφ( );

  (2) 

Now we need to put the above expression into the r.h.s. of (1) assuming that perturbation 
is weak 

€ 

˜ ϕ ; ˜ I and we can expand the terms

€ 

ϕ1 =ϕ0 + ˜ ϕ ;  I1 = I0 + ˜ I  to write in second order 
perturbation: 

€ 

ʹ′ ϕ =
3
2
α Io + ˜ I cos3 φo + ˜ ϕ ( ) + 3cos φo + ˜ ϕ ( )( ) =

3
2
αIo

1/ 2 cos3φo + 3cosφo( ) +

       3
4
αIo

−1/ 2 cos3φo + 3cosφo( )˜ I − 9
2
αIo

1/ 2 sin3φo + sinφo( ) ˜ ϕ 

ʹ′ I = 3α Io + ˜ I ( )
3 / 2

sin3 φo + ˜ ϕ ( ) + sin φo + ˜ ϕ ( )( ) = 3α Io( )3 / 2 sin3φo + sinφo( ) +

      9
8
αIo

1/ 2 sin3φo + 3sinφo( )˜ I + 3α Io( )3 / 2 3cos3φo + cosφo( ) ˜ ϕ 

  (3) 

Comparing the terms in (2) and (3) one can see that terms in I’ have products of sin and 
cos terms, which give zero average value. Hence, as expected away from the resonances, 
particle’s amplitude does not grow. 

€ 

ʹ′ I = 0;  i.e. I = const  

In contrast, averaging the first equation in (3) yields non-zero result: 

€ 

ʹ′ ϕ =   − 3
4
α 2Io
ω

 cos3φo + 3cosφo( )2
+ sin3φo + 9sinφo( ) sin3φo + sinφo( )( ) =  −15α

2Io
ω

α =
K2

12
2
ω

3

⇒ ʹ′ ϕ = −
120
122

K2
2

ω 2 Io = −
5
6
K2

2

ω 2 Io

∂ω
∂Io

= −
5
6
K2

2

ω 2

predicting that there will be negative nonlinear frequency (tune) shift with the square of 
the amplitude: 

 

€ 

ω a( ) −ω(0) = −
5
12

K2
2

ω 2 a
2  

 










