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Accelerator Physics: Homework 5

Due date: Tuesday, January 22, 2008

1. Coupling non-linear resonance

Consider an uncoupled linear motion in a storage ring, parameterized by

€ 

x = 2Ix wx (s)cos ψx (s) +ϕx( );  y = 2Iy wy (s)cos ψy (s) +ϕy( ),
in the presence of additional non-linear term in the Hamiltonian

€ 

HNL =α s( )xmyn .

All coefficients above are periodical with the ring circumference, C, except the betatron
phases

€ 

ψx,y (s+ C) =ψx,y (s) + 2πQx,y .

Here: n, m, k, l are integer numbers.
(a) (5 points) write slow equation of motion for the action-angle variables;
(b) (5 points) consider resonant conditions 

€ 

nQx + mQy = k + δQ;   δQ <<1, i.e. a sum
resonance, and find the expression for the resonant term in the Hamiltonian and
the slow equations of motion;

(c) (5 points) consider resonant conditions 

€ 

nQx −mQy = l + δQ;   δQ <<1 i.e. a
difference resonance,  and find the expression for the resonant term in the
Hamiltonian and the slow equations of motion;

(d) (10 points) show that in the resonance approximation 

€ 

δQ <<1, we have
additional invariants of motion: 

€ 

nIy −mIx = inv  for the sum resonance and

€ 

nIy + mIx = inv  for the difference resonance. Derive your conclusions on what
resonance can be more dangerous from a perspective of continuous growth of the
amplitudes (i.e. possibility to loose a beam at the walls of vacuum chamber)?

(e) (5 points) qualitatively answer the question if this term in the Hamiltonian can
drive other 

€ 

NQx ± MQy = K + δQ;   N ≠ n;M ≠ m  in the first order of perturbation
theory?



2. Twisted quadrupole
(a) (20 points) Find 4x4 matrix of twisted quadrupole, i.e. a quadrupole whose poles

have torsion. The transverse Hamiltonian of this magnet is:

€ 

h =
π x
2 + π y

2

2
+ K1

x 2 − y 2

2
+κ yπ x − xπ y( )

(b) (5 points) Identify when motion in both x and y direction is stable, i.e. there are
no growing solutions?

3. Sextupole terms
Consider an uncoupled linear motion in a storage ring, parameterized by

€ 

x = 2Ix wx (s)cos ψx (s) +ϕx( );  y = 2Iy wy (s)cos ψy (s) +ϕy( ),
in the presence of sextupole fields:

€ 

h =
π x
2 + π y

2

2
+ K1 s( ) x

2 − y 2

2
+ K2 s( ) x

3 − 3y 2x
2

(a) (20 points) Find (in a form of integrals) first perturbation order terms in

€ 

Ix,  ϕx,  Iy,  ϕy .

(b) (5 points) Show that far from resonances, there is no average growth in the
actions and there is no tune dependence on the actions.

(c) (25 points) Write second order perturbation term for 

€ 

ϕx and demonstrate that
there will tune shift proportional to the action and to the second order of sextupole
strength.

.



Accelerator Physics: Homework 6

Due date: Wednesday, January 21, 2008

Problem 1. Sextupole terms
Consider a linear oscillator

€ 

x =
2I
ω

cos ωs +ϕ( );  π x = ′ x = − 2ωIy sin ωs +ϕ( ),

€ 

x = Acos ωs +ϕ( );  π x = ′ x = −ωAsin ωs +ϕ( ),

in the presence of quadratic non-linear term (sextupole term) in the Hamiltonian:

€ 

h =
π x
2

2
+ω 2 x 2

2
+ K2

x 3

3
(a) (20 points) Find first perturbation order terms in 

€ 

I,  ϕ .

(b) (5 points) Show that far from resonances, there is no average growth in the
actions and there is no tune dependence on the actions.

(c) (25 points) Write second order perturbation term for 

€ 

ϕ  and calculate the tune shift
proportional to the action and to the second order of K2.

Suggestions: (a) note that 

€ 

ω = const , (b) you may use Canonical pair 

€ 

I,ϕ( )  or  use
reduced equation of motion derived by Dr.  Pozdeyev in his lecture for 

€ 

A,ϕ( ). Both
methods will give you the same result.

.









Accelerator Physics: Midterm Exam

Friday, January 18 2007

1 Zero Trace Matrix

(10 points) Show that if M is a 2x2 matrix with unit determinant and Tr(M)=0, then
M2 = −I.

2 Multiple FODO Cell Concatenation

(10 points) Consider a FODO cell with phase advance of 2π/n in each plane. Show that the
matrix of the concatenation of n of these FODO cells is I.

3 FODO Cell Equivalence

(15 points) Consider a FODO cell with drift lengths L/2 and quadrupole focal lengths ±f
as shown on the left. The transport matrix of this FODO lattice, starting with the focusing
quadrupole, was given in class as

MFODO(horizontal) =

(
1 L/2
0 1

)(
1 0
1
f

1

)(
1 L/2
0 1

)(
1 0
− 1
f

1

)
(3.1)

=

(
1− L

2f
− L2

4f2 L+ L2

4f

− L
2f2 1 + L

2f

)
(3.2)

in the horizontal plane.

(a) Show that MFODO(horizontal) can be written as MOFO(horizontal) – that is, as the
horizontal transport matrix of a single quadrupole of focal length fH between two
straight sections of (possibly different) lengths L1H and L2H , as shown on the right.
How do (fH , L1H , L2H) relate to (f, L) of the FODO cell?

(b) Show that the vertical transport matrix of the same FODO cell, MFODO(vertical) can
be written as MOQO(vertical) with quadrupole focal length fV and lengths L1V and L2V .
How do these relate to the horizontal OFO cell parameters found in part (a)?
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4 Beta Function At A Waist

(20 points) The transport of the envelope function w(s) from a local minimum of value w0

through a drift space of length s is given by:(
w(s)

w′(s) + i
w(s)

)
ei∆ψ =

(
1 s
0 1

)(
w0
i
w0

)
(4.1)

(a) Show that

w2(s) = w2
0 +

s2

w2
0

(4.2)

or, equivalently,

β(s) = β0 +
s2

β0

(4.3)

Thus the beta function near a waist (or local minimum) in a drift region is quadratic.

(b) From (4.1), calculate the phase advance ∆ψ as s → ∞. This is half of the maximum
phase advance of a field-free region.

5 Solenoid Transport Matrix

(25 points) Consider a solenoid of length L with only longitudinal field Bs. The torsion to
decouple the Hamiltonian is

κ = −eBs

2pc
(5.1)

and the resulting Hamiltonian in rotating frame of reference canonical coordinates (x, πx)
and (y, πy) is

H(x, πx, y, πy) =
π2
x + π2

y

2
+ κ2x

2 + y2

2
(5.2)

Find the transport matrix of this solenoid.

6 Azimuthally Symmetric Optics

(30 points) Consider an azimuthally symmetric ring with orbit radius ρ = 1
K0

and a field
gradient

e

p0c

∂By

∂x
= −nK2

0 (6.1)

where n is known as the field index. The Hamiltonian for transverse motion does not depend
on s, and is given by

H(x, πx, y, πy) =
π2
x + π2

y

2
+K2

0(1− n)
x2

2
+ nK2

0

y2

2
(6.2)

(a) Find the one-turn matrices for horizontal and vertical motion.

(b) Find the horizontal and vertical tunes, νx,y, and show that ν2
x + ν2

y = 1.

(c) Find the beta function of this storage ring.

2


