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Vectors
Cartesian components of vectors

Let {e1, e2 , e3 } be three mutually perpendicular unit vectors which form a 
right handed triad. Then {e1, e2 , e3 } are said to form an orthonormal basis. 
The vectors satisfy:
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Vectors

We may express any vector a as a suitable combination of the unit 
vectors {e1, e2 , e3 }. For example, we may write  
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where                         are scalars, called the components of a in the basis 
{e1, e2 , e3 }. The components of a have a simple physical interpretation. 
For example, if we calculate the dot product a. e1, we find that
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Vectors

Thus,          represent the projected length of the vector a in the direction 
of e1. This similarly applies to                 .

1a
32 , aa

Change of basis

Let a be a vector and let {e1, e2 , e3 } be a Cartesian basis. Suppose that 
the components of a in the basis {e1, e2 , e3 } are known to be 

Now, suppose that we wish to compute the components of a in a second 
Cartesian basis, {r1, r2 , r3 }. This means we wish to find components 

, such that                                to do so, note that

},,{ 321 aaa

},,{ 321 ααα 332211 rrra ααα ++=

33332231133

23322221122

13312211111

rererera
rererera

rererera

⋅+⋅+⋅=⋅=
⋅+⋅+⋅=⋅=

⋅+⋅+⋅=⋅=

αααα
αααα

αααα



June 16, 2003
5

Microwave Physics and Techniques                UCSB –June 2003Microwave Physics and Techniques                UCSB –June 2003

Vectors
This transformation is conveniently written as a matrix operation

where           is a matrix consisting of the components of a in the basis

{r1, r2 , r3 },          is a matrix consisting of the components of a in the basis

, and          is a “rotation matrix” as follows
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Gradient of a Vector Field

Let v be a vector field in three dimensional space. The gradient of v is a 
tensor field denoted by grad(v) or v , and is defined so that
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for every position r in space and for every vector α.
Let                     be a Cartesian basis with origin O in three dimensional space. Let

denote the position vector of a point in space. The 
gradient of v in this basis is given by
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Divergence of a Vector Field

Let v be a vector field in three dimensional space. The divergent of v is a 
scalar field denoted by div(v) or •v , and is defined so that
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Formally, it is defined as trace[grad(v)].
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Curl of a Vector Field

Let v be a vector field in three dimensional space. The curl   of v is a 
vector  field denoted by curl(v) or ×v , and it is best defined in terms of 
its components in a given basis.

Express v as a function of the components of r v = v(x1,x2,x3). The 
curl of v in this base is then given by
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The Divergence Theorem

V

n

S
Let V be a closed region in three 
dimensional space, bounded by an 
oreintable surface S. Let n denote the 
unit vector normal to S, taken so that n 
points out of V. Let u be a vector field 
which is continuous and has 
continuous first partial derivatives in 
some domain containing T. Then
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Integrals

Examples
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Integrals

Evaluate dxxx )(tan 1−∫
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Integrals – trig substitution

Evaluate dxxx 23 4 −∫
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Matrices

Consider 

is 3x4 matrix composed of 3 rows and 4 columns. 

When the numbers of rows and columns are equal, the matrix is called a square 
matrix. A square matrix of order n is an (nxn) matrix.
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Matrices operation

Vector,                                                is a 1x4  row matrix.

Vector,                                                 is a4x1 column matrix. 

[ ]



















=

=

n
m
l
k

q

dcbap



June 16, 2003
15

Microwave Physics and Techniques                UCSB –June 2003Microwave Physics and Techniques                UCSB –June 2003

Matrices operation

1. Addition
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Matrices operation

If λ is a constant then,

matrixidentity
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Matrices operation
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Matrices operation

An n x n matrix A is called invertible iif there exists an n x n matrix B such that 
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Matrices operation

Let A be a n x m matrix defined by αij, then the transpose of A, denoted 
AT is the m x n matrix defined by δij where δij= αji .

1. (X+Y)T=XT+YT  

2. (XY)T=YTXT  

3.     (XT)T=X



June 16, 2003
20

Microwave Physics and Techniques                UCSB –June 2003Microwave Physics and Techniques                UCSB –June 2003

Matrices operation

Consider a square matrix A and define the sequence of matrices
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Matrices operation

Determinants

Consider the matrix                     . A is invertible if and only if                .

This number is called the determinant of A.

Determinant of 

Properties:
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Matrices operation

In general,

for any fixed i

for any fixed j
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Eigenvalues and Eigenvectors

Let A be a square matrix. A non-zero vector C is called an 
eigenvector of A iff        a number (real or complex)                     

If λ exists, it is called an eigenvalue of A.
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Computing eigenvalues
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This is a linear system for which the matrix coefficient is     .  
This system has one solution if and only if the matrix coefficient is 
invertible,I.e.

Since the zero-vector is a solution and C is not the zero vector, we must 
have 
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Computing eigenvalues
Consider matrix A:
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Computing Eigenvalues
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Complex Variables

Standard notation: 

θθ
θ

θ

θ
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where

x and y are the real (Re z) and imaginary (Im z) part of z, respectively.

θ   ,                              zr = is the magnitude, and is the phase or argument arg z.
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Complex Variables

The complex conjugate of z is denoted by z*; z*=x-iy.

A function W(z) of the complex variable z is itself a complex number 
whose real and imaginary parts U and V depend on the position of z in 
the xy-plane. W(z) = U(x,y) + iV(x,y).
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Complex Functions

1. Exponential 

[ ]
[ ]

)exp()exp(
)sin)(cossin(cos

)sincoscos(sinsinsincoscos

)sin()cos(

,

)exp()exp(

)sin(cos)exp(

)exp(

wz                 
vivyiyuexe                 

vyvyivyvyuexe                 

yyivyuxew)exp(z

then  ivuw  and  iyxz if

zz
dz
d

yiyxez

iyxz     withzez

=
++=

++−=

++++=+

+=+=

=

+=

+==



June 16, 2003
30

Microwave Physics and Techniques                UCSB –June 2003Microwave Physics and Techniques                UCSB –June 2003

Complex Functions

Circuit problem
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Complex Functions

R
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Kirchoff’s law:
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Differential Equations

1st order DE has the following 
form:

The general solution is given by 
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U(x) is called the integrating factor.
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Differential Equations

Find the particular solution of 

• step 1: identify p(x) and q(x).

• step 2: Evaluate the integrating factor

• We have 
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Differential Equations

Example 2

Find solution to 
( ) .04,1)(cos)sin()(cos 32 =+−=′ πy    ytytt

Rewrite the equation:
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Differential Equations

Example 2

The general solution can be obtained as
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)csc()sec()(
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We get

Differential Equations

Example 2

The initial condition                                  implies



June 16, 2003
37

Microwave Physics and Techniques                UCSB –June 2003Microwave Physics and Techniques                UCSB –June 2003

Separation of Variables-PDE

This method can be applied to partial differential equations, 
especially with constant coefficients in the equation. Consider one-
dim wave equation:

string. stretchedthe  of n)(deflectio ntdisplacemethe is       ),(,2

2
2

2

2

txu
x
uc

t
u

∂
∂
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0),0( =tu 0),( =tLu

X=0 X=L

t∀ (BC’s)

  g(x)    (x,0)    and   )()0,( =
∂
∂

=
t
uxfxu (IC’s)

Basic idea:

1. Apply the method of separation to obtain two ordinary DE’s

2. Determine the solutions that satisfy the bc’s.

3. Use Fourier series to superimpose the solutions to get final 
solution that satisfies both the wave equation and the initial 
conditions.
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Separation of Variables-PDE

We seek a solution of the form
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Differentiating, we get
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Separation of Variables-PDE

Τ=Τ

Χ=Χ ′′

==
Τ
Τ

=
Χ
Χ ′′

c
c
c

&&

&&
cconstant

2

We allow the constant to take any value and then show that only certain 
values are allowed to satisfy the boundary conditions. We consider the 

three possible cases for c, namely c=p2 positive, c=0,and c=-p2. 
These give us three distinct types of solution that are restricted by the 
initial and boundary conditions.

With c=0
EDtt

xx
+=Τ⇒=Τ

Β+Α=Χ⇒=Χ ′′

)(0
)(0
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Separation of Variables-PDE
c=p2

pxpx

xx

BeAex

ppp

xexex
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λλλ

λλ λλ

               

         

&&

BC’s  in x⇒A=0, B=0. Trivial solution

Solution:
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Separation of Variables-PDE
2pc −=

integer. anis    
 solution trivial-Non solution. trivialthe have we  0,B if

   at     at BC
is        solutionthe Thus 
    where   
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Separation of Variables-PDE

Similarly;

∑
∞

=






 +=







 +=

=
+=Τ

1
sincossin),(
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L
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L
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L
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pctEpctDt

πππ

πππ
π is  for solutiona  Thus,  

We can set A=1 without any loss of generality.
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Separation of Variables-PDE

Applying IC’s. Setting t=0.
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   and   since 

To determine the constants, Dn, we multiply both sides of the equation 
by                   and integrate from x=0 to x=L.x
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Separation of Variables-PDE
Using orthogonality condition:

.
2

sin)(
0

LDxdx
L

mxf m

L
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Replacing m by n:
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.sin)(
1

x
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nE
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n

ππ∑
∞

=
=

IC, using

Separation of Variables-PDE

Repeat the same procedure 
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Fourier series

)).sin()cos((
1

0 nxBnxAA n
n

n ++ ∑
∞

=
A Fourier polynomial is an expression of the form

).(
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Which may be written as

The constants are called the coefficients of 
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Fourier series

The Fourier polynomials are 2 π-periodic functions. 
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Fourier series

Example

Find the Fourier series of the function .,)( ππ ≤≤−= x  xxf
Since                  is odd, then                             For any                 

we have

)(xf .0,0 ≥= n foran ,1≥n

.
3

)3sin(
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Fourier series

Example
Find the Fourier series of the function with period 2L defined by
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Fourier series

Coefficients found by evaluating
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Fourier series

Calculate a0
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Fourier series

Calculating bn
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Fourier series

We now know that 
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Fourier transform

The continuous time Fourier transform of            is defined as)(tx

dfeftx

dtetxf
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∞−

∞

∞−
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Fourier transform properties         symmetry
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The odd components of the integrand contribute zero to the integral. 
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Odd and Even Functions

Even Odd

Symmetric                      Anti-symmetric

Cosines                       Sines

Transform is real* Transform is 
imaginary

*for real-valued signals

)()()()( tftf               tftf −−=−=−

-T/2 T/20-t t

-T/2

T/20

-t

t• Important property of even and odd 
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Complex form of the Fourier series 

Recall that 

 θ+θ=θ− sincos ie i

Complex conjugate
  θ−θ=θ sincos ie i

This gives 

( )θ−θ +=θ ii ee 
2
1cos and ( )θ−θ −=θ ii ee

i
 

2
1sin

Hence

( )inxinx eenx −+=  
2
1cos and ( )inxinx ee

i
nx −−=  

2
1sin
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Complex form of the Fourier series 
Now consider the Fourier series
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∞

=

++=

1

0

n

nn nxbnxaaxf sincos

( ) ( )inxinxninxinx

n

n ee
i

b
ee

a
a −−

∞

=

−+++= ∑   
22

1

0

( ) ( ) inx
nn

inx
nn

n

eibaeibaa −

∞

=

++−+= ∑ 2
1

2
1

1

0

( ) ( )inx
n

inx

n

n ekeccxf −

∞

=

++=⇒ ∑
1

0

( )     *, nnnnn ckibac =−=
2
1



June 16, 2003
60

Microwave Physics and Techniques                UCSB –June 2003Microwave Physics and Techniques                UCSB –June 2003

Complex form of the Fourier series 
Remembering that 

( ) dxnxxfan  cos∫
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Complex form of the Fourier series 
and note that                      . Then we have nn ck −=

( ) inx

n

n
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Finally noting that                     we have ( ) 10 =xie
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2
1

This the complex form of the Fourier series for f (x). cn are the complex Fourier 
coefficients.
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Complex form of the Fourier series 

Example: Find the general solution to 

( )tryy =ω+′′ 2

where 
( )

( )
( )tn

n
tr

n

12
12

1

1

2 −
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=∑
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sin

We have 
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n
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1

1

2
2 −

−
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Consider the equation  

( ),...,,sin 5311
2

2 ==ω+′′ nnt
n

yy nn     

We find the general solution to this equation. 
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Complex form of the Fourier series 

The general solution of the homogeneous form is

tBtAy h ω+ω= sincos

For a particular solution try ntBntAy nnn sincos +=

Differentiating and substituting gives

( ) ( )  nt
n

ntBnntAn nn sinsincos 2
2222 1

=ω+−+ω+−

(assuming ω ≠n for n odd) we have

( )222
10

nn
BA nn

−ω
==    ,

Thus the particular solution is

( ) nt
nn

y n sin222
1
−ω

=
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Complex form of the Fourier series 

Since                                                           is linear, the general 

solution is a superposition
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Convolution Theorem

Let F, G, H denote the Fourier Transforms of signals f, g, and h
respectively.

g = f*h                     g = fh
implies                               implies

G = FH                  G = F*H
Convolution in one domain is multiplication in the other and vice versa.

))(())(()()((
))(())(())()((

tgtftgtf
tgtftgtf

ℑ∗ℑ=ℑ
ℑℑ=∗ℑ
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Convolution
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Convolution

))()(( tgtf ∗ℑ ))(( ))(( tgtf ℑℑ=

))()(( tgtfℑ ))(())((  tgtf ℑ∗ℑ=
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Green’s functions
Consider a general linear operator L

If on the closed interval                        we have a two point boundary problem for a 
general linear differential equation of the form:

,

Where the highest derivative in L is  order n and with general homogeneous 
boundary conditions at x=a and x=b on linear combinations of y and n-1 of its 
derivatives:

bxa ≤≤

( )xfLy =

( ) ( ) ( )( )( ) ( ) ( ) ( )( ) 011 =′+′ −− TnTn bybybyBayayayA )(,...,,,...,,

Where A and B are n × n constant coefficient matrices, then knowing L, A and B, 
we can form a solution of the form:

( ) ( ) ( )dssxgsfxy
b

a

,∫=
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Green’s functions

This is desirable as

• once g( x, s) is known, the solution is defined for all f including 

- forms of f for which no simple explicit integrals can be written

- piecewise continuous forms of f

• numerical solution of the quadrature problem is more robust than direct 
numerical solution of the original differential equation

•The solution will automatically satisfy all boundary conditions

•The solution is useful in experiments in which the system dynamics are well 
characterized (e.g. mass spring damper).
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Green’s functions

We take g( x, s) to be the Green’s function for the linear differential operator L if it 
satisfies the following conditions:

1. L g( x, s)=δ(x- s)

2. g (x, s) satisfies all boundary conditions given on x

3. g (x, s) is a solution of L g=0 on a ≤ x <s and s<x ≤b

4. g( x, s), g’(x , s),….,g(n-2)(x , s) are continuous for [a, b]

5. g(n-1)(x , s) is continuous for [a, b] except at x=s where it has a jump of 
)( sPn

1−
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Green’s functions

Consider:

( ) ( ) ( )xP
dx
d

xP
dx

d
xPL o++= 12

2

2

Then we have

( ) ( ) ( ) ( )sxgxP
dx
dg

xP
dx

gd
xP o −δ=++ 12

2

2

( )
( )

( )
( )

( )
( )xP

sx
g

xP
xP

dx
dg

xP
xP

dx

gd o

222

1
2

2 −δ
=++

Now we integrate both sides with respect to x in a small neighborhood 
enveloping x=s.

( )
( )

( )
( )

( )
( ) dx
xP
sx

dxg
xP
xP

dx
dx
dg

xP
xP

dx
dx

gd
s

s

s

s

o
s

s

s

s ∫∫∫∫
ε+

ε−

ε+

ε−

ε+

ε−

ε+

ε−

−δ
=++

222

1
2

2
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Green’s functions

( )
( )

( )
( ) ( ) ( )dxsx

xP
dxg

xP
xP

dx
dx
dg

xP
xP

dx
dx

gd
s

s

s

s

o
s

s

s

s ∫∫∫∫
ε+

ε−

ε+

ε−

ε+

ε−

ε+

ε−

−δ=++
222

1
2

2 1

Integrating

( )
( ) ( ) ( )

( ) ( ) ( ) ε+
ε−

ε+

ε−
ε−ε+

ε−ε+
−=+−+− ∫ s

s

s

s

o
ss

ss
sxH

sP
dxg

sP
sP

gg
sP
sP

dx
dg

dx
dg

222

1 1

Since g is continuous, this reduces to

( )sPdx
dg

dx
dg

ss 2

1
=−

ε−ε+

This is consistent with the final point that the second highest derivative of g
suffers a jump at x=s.
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Green’s functions

Next, we show that applying this definition of g( x, s) to our desired result lets 
us recover the original differential equation, rendering g( x, s) to be 
appropriately defined. This can be easily shown by direct substitution: 

( ) ( ) ( )dssxgsfxy
b

a

,∫=
( ) ( )dssxgsfLL

b

a
y ,∫=

L behaves as               via Leibritz’s Rule:,n

n

x∂
∂

( ) ( )

( ) ( )

( )xf

dssxsf

dssxLgsf

b

a

b

a

=

−δ=

=

∫
∫ , This analysis can be extended in a 

straightforward manner to more arbitrary systems 
with inhomogeneous boundary conditions using 
matrix methods
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Green’s functions

Example: Find the Green’s function and the corresponding solution integral of 
the differential equation 

( )xf
dx

yd
=2

2

subject to boundary conditions 

( ) ( ) 0100 == yy      ,

Verify the solution integral if f (x)=6x

Here 
2

2

dx

d
L =

1) Break the problem up into two domains: a) x<s, b) x>s, 2) Solve Lg=0 in both 
domains, four constraints arise, 3) Use boundary conditions for two constants, 4) 
Use conditions at x-s: continuity of g and a jump of dg/dx , for the other two 
constants.
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Green’s functions
Example:

a) x<a

( ) ( )
0

000

0

2

21

21

1

2

2

=
+==

+=

=

=

C

CCg

CxCg

C
dx
dg
dx

gd

( ) sxxCsxg <=    ,, 1
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Green’s functions
Example:

b) x> s

( ) ( )

( ) ( ) sxxCsxg

CC

CCg

CxCg

C
dx
dg
dx

gd

>−=
−=

+==
+=

=

=

   ,, 1

101

0

3

34

43

43

3

2

2

Continuity of g( x, s) when x=s: 

( )

s
s

CC

sCsC

1
1

31

31

−
=

−= ( )

( ) ( ) sxxCsxg

sxx
s

s
Csxg

>−=

<
−

=

   

   

,,

,,

1

1

3

3
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Green’s functions
Example:

b) x> s
Jumping in dg/dx at x=s (note P2(x)=1):

( ) ( )
( ) ( ) sxxssxg

sxsxsxg

sC
s

s
CC

dx
dg

dx
dg

ss

>−=
<−=

=

=
−

−

=−
ε−ε+

   
   
,,
,,

1
1

11

1

3

33
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Note some properties of g( x, s) which are common in such problems:

Green’s functions

•It is broken into two domains

•It is continuous in and through both domains

•Its n-1 (here n=2), so first) derivative is discontinuous at x=s

•It is symmetric in s and x across the two domains

•It is seen by inspection to satisfy both boundary conditions

The general solution in integral form can be written by breaking the 
integral into two pieces as

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )dsssfxsdssfxxy

dssxsfdsxssfxy

x

x
x

x

11

11

1

0

1

0

−+−=

−+−=

∫∫
∫∫
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Green’s functions

Now evaluate the integral if  f( x )=6x (thus  f (s )=6s).

( ) ( ) ( ) ( )( )

( ) ( ) ( )

( )[ ] [ ]
( )( ) ( ) ( )[ ]

( ) xxxy

xxxxx

xxxxx

ssxsx

dsssxdssx

dsssxsdssxxy

x
x

x

x
x

x

−=

+−−−=

−−−=−−=

−+−=

−+−=

−+−=

∫∫
∫∫

3

3434

233

123
0

3

1
2

0

2

1

0

3222

3232021

3221

6661

1661
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Green’s functions

Note the original differential equation and both boundary conditions are 
automatically satisfied by the solution.

( ) ( ) 01006 ===′′ yyxy ,,   
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Bessel equation

Bessel’s differential equation is as follows, with it being convenient to define .2ν−=λ

We find that 

( ) 0222
2

2
2 =ν−µ++ yx

dx
dy

x
dx

yd
x

( )

( )

( ) xxq

x
xr

xxp

2

1

µ=

=

=

( ) ( ) ( )

( ) ( )
( ) ( ) 0

0

0

21

21

2

2

=β+β
=α+α

=λ+++

byby

ayay

yyxc
dx
dy

xb
dx

yd
xa

Linear homogeneous second order D.E 
with general homogeneous b.c.
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Define the following functions:

( ) ( )
( )

( ) ( )
( )
( )

( ) ( )
( )

( )
( ) 










=











=











=

∫
∫

∫

ds
sa
sb

xa
xc

xq

ds
sa
sb

xa
xr

ds
sa
sb

xp

exp

exp

exp

1

With these definitions, the original equations are transformed to the type 
known as a Sturm-Liouville equation:

( ) ( ) ( )[ ] ( )

( ) ( ) ( ) ( ) ( )xyxyxq
dx
d

xp
dx
d

xr

xyxrxq
dx
dy

xp
dx
d

λ−=













 +








=λ++





1

0

Sturm-Liouville
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Sturm-Liouville

Here the Sturm-Liouville linear operator Ls is 

( ) ( ) ( )





 +






= xq

dx
d

xp
dx
d

xr
Ls

1

So we have ( ) yxyLs λ−=

We thus require 0<x<∞, though in practice, it is more common to employ a 
finite domain such as 0<x<l. In the Sturm-Liouville form, we have 

( )

( ) ( )xyxyx
dx
d

x
dx
d

x

xy
x

x
dx
dy

x
dx
d

22

2
2 0

ν=













 µ+








=






 ν
−µ+
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Sturm-Liouville
The Sturm-Liouville linear operator is







 µ+






= x

dx
d

x
dx
d

xLs
2

In some other cases it is more convenient to take               in which 
case we get

2µ=λ

( )
( )

( )
x

xq

xxr
xxp

2ν
−=

=
=

and the Sturm-Liouville form and operator are: 

( ) ( )










 ν
−






=

µ−=




















 ν
−








xdx
d

x
dx
d

x
L

xyxy
xdx

d
x

dx
d

x

s

2

2
2

1

1
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Bessel equation

The general solution is 

( ) ( ) ( )
( ) ( ) ( )xJCxJCxy

xYCxJCxy

µ+µ=
µ+µ=

ν−ν

νν

21

21 if ν is an integer

if ν is not an integer

Where Jν(µx) and Yν(µx) are called the Bessel and Neumann functions of order 
ν. Often Jν(µx) is known as a Bessel function of the first kind and Yν(µx) is known as a 
Bessel function of the second kind. Both Jν and Yν are represented by infinite series 
rather than finite series such as the series for Legendre polynomials.

The Bessel function of the first kind of order ν, Jν( µx), is represented by

( ) ( )∑
∞

=

ν

ν ++νΓ







 µ−







 µ=µ

0

22

1
4
1

2
1

k

k

kk

x
xxJ

!
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Bessel equation
The Neumann function Yν( µx) has a complicated representation. The 
representations for J0(µx) and Y0 (µx) are

( )
( ) ( ) ( )2

22

2

2
22

2

1
22

4
1

2
4
1

1
4
1

1
!!! n

xxx
xJ

n

o







 µ−

++






 µ

+






 µ

−=µ K

( ) ( )

( ) ( )























 µ






 +−







 µ

π
+

µ





 γ+






 µ

π
=µ

K2

2
22

2

1
22

0

2
4
1

2
11

1
4
1

2

2
12

!!

ln

xx

xJxxYo

            

It can be shown using term by term differentiation that
( ) ( ) ( )

2
11 xJxJ

dx
xdJ µ−µ

µ=
µ −ν+νν ( ) ( ) ( )

2
11 xYxY

dx
xdY µ−µ

µ=
µ −ν+νν

( )[ ] ( )xJxxJx
dx
d

1−ν
ν

ν
µ µ=µ ( )[ ] ( )xYxxYx

dx
d

1−ν
ν

ν
µ µ=µ
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Bessel equation

Bessel functions J0(µ0x), J0(µ1x), J0(µ2x), J0(µ3x)

Bessel functions J0(x), J1(x), J2(x), J3(x), J4(x) Neumann functions Y0(x), Y1(x), Y2(x), Y3(x), Y4(x)
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Bessel equation

The orthogonality condition for a domain x∈[0,1], taken here for the case in which 
the eigenvalue is µI can be shown to be 

( ) ( )

( ) ( ) ( )( ) jiJdxxJxJx

jidxxJxJx

nnn

ji

=µ=µµ

≠=µµ

+ννν

νν

∫
∫

   

   

2
1

1

0

1

0

2
1

0

Here we must choose µi such that Jν(µi)=0, which corresponds to a vanishing 
of the function at the outer limit x =1. So the orthogonal Bessel function is

( ) ( )
( )n

n
n J

xJx
x

µ
µ

=ϕ
+ν

ν

1

2
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Bessel equation

Hankel functions, also known as Bessel functions of the third kind are defined

( )( ) ( ) ( )
( )( ) ( ) ( )xiYxJxH

xiYxJxH

ννν

ννν

−=

+=
2

1

The modified Bessel equation is 

( ) 022
2

2
2 =ν+−+ yx

dx
dy

x
dx

yd
x

The solution of which are the modified Bessel functions. It is satisfied by the 
modified Bessel functions. The modified Bessel functions of the first kind of order ν is 

( ) ( )ixJixI ν
ν−

ν =
The modified Bessel functions of the second kind of order ν is

( ) ( )( )ixHixK n
11

2
+ν

ν
π

=
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Vectors and Tensors

iiii

i

i ueueueueueuu ===++= ∑
=

3

1

332211 using Einstein notation

Here u1, u2, u3 are three Cartesian components of u.





=
≠

=δ
ji

ji
ij      if

     if
1
0

Two additional symbols:

Kronecker delta








−=ε

same are the ndices or more i two       if
 order cyclical in are not indices      if

...1,2,3,1,2, order  cyclical are in indicesf         i

0
1

1

ijk Levi-Civita density
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Vectors and Tensors

kljminknjlimkmjnil

kmjlinkljnimknjmillmnijk

δδδ−δδδ−δδδ−

δδδ+δδδ+δδδ=εε

             

The identity

relates the two.
We also have the following identities:

jkikijijk

kjiijk

jikijk

ikjijk

ijkijk

illjkijk

kljmkmjlilmijk

jkikij

jiij

ii

ε=ε=ε

ε−=ε

ε−=ε

ε−=ε

=εε

δ=εε

δδ−δδ=εε

δ=δδ

δ=δ
=δ

6

2

3
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Vectors and Tensors
Regarding index notation:

repeated index indicates summation on that index

non-repeated index is known as free index

number of free indices give the order of the tensor

• u,  uv,  uiviw,  uii , uijvij zeroth order tensor-scalar

• ui, uivij second order tensor

• uijk, uivjwk, uijvkmwm third order tensor

• uijkl, uijvkl fourth order tensor

indices cannot be repeated more than once

• uiik, uij , uiijj, viujk are proper

• uiviwi, uiiij, uijvii are improper

Cartesian components commute:  uijviwklm=viwklmuij

Cartesian indices do not commute: uijkl ≠ujlik
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Vectors and Tensors

Matrix representation: Tensors can be represented as matrices (but all matrices are 
not tensors!):
















=

333231

232221

131211

TTT
TTT
TTT

Tij

A simple way to choose a vector qj associated with a plane of arbitrary orientation 
is to form the inner product of the tensor Tij and the unit normal associated with 
the plane ni: TnqTnq ijij ⋅==         
Here ni has components which are the direction cosines of the chosen direction.

Example:  ni = (0,1,0)

( ) ( )232221

333231

232221

131211

010 TTT
TTT
TTT
TTT

Tn ,,,, =















=⋅

( ) ( ) ( )
( )232221

321

332211

010

TTT

TTT

TnTnTnTn

jjj

jjjiji

,,=

++=

++=
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Vectors and Tensors

The transpose of          is found by trading elements across the diagonalT
ijT ijT

ji
T
ij TT =
















=

332313

322212

312111

TTT
TTT
TTT

T T
ij   

A tensor is symmetric if it is equal to its transpose, i.e.

jiij TT =

A tensor is anti-symmetric if it is equal to the additive inverse of its transpose, i.e.

jiij TT −=

The inner product of a symmetric tensor Sij and anti-symmetric tensor Aij can be 
shown to 0: 0=ijij AS



June 16, 2003
95

Microwave Physics and Techniques                UCSB –June 2003Microwave Physics and Techniques                UCSB –June 2003

Vectors and Tensors

Example: Show this for a two-dimensional space. Take a general symmetric 
tensor to be









=

cb
ba

S ij

Taking a general anti-symmetric tensor to be









−

=
0

0
d

d
Aij

So

( ) ( )
0

00
2222212112121111

          
         

=
+−+=

+++=

cbdbda

ASASASASAS ijij
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Vectors and Tensors

An arbitrary tensor can be represented as the sum of a symmetric and anti-
symmetric tensor:

( ) ( )jiijjiij

jijiijijij

TTTT

TTTTT

−++=

−++=

2
1

2
1

2
1

2
1

2
1

2
1

    

so with 

( ) ( )

[ ] ( )
( ) [ ]ijijij

jiijij

jiijij

TTT

TTT

TTT

+=

−≡

+≡

2
1
2
1

symmetric 
anti-symmetric 
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Vectors and Tensors
Example: Decompose the tensor given below into a combination of orthogonal 
basis vector and dual vector.

















−
−
−

=
114
323
211

  ijT

( ) ( )
















−−
−
−

=+=
113
122
311

2
1

jiijij TTT [ ] ( )
















−
−

−
=−=

021
201

110

2
1

jiijij TTTand 

First we get the dual vector:

[ ]

[ ] [ ] [ ] ( )( ) ( )( )
[ ] [ ] [ ] ( )( ) ( )( )
[ ] [ ] [ ] ( )( ) ( )( ) 21111

21111

42121

213211231233

312311321322

321322312311

−=−+−=ε+ε=ε=

−=−+−=ε+ε=ε=

−=−+−=ε+ε=ε=

ε=

TTTd

TTTd

TTTd

Td

jkjk

jkjk

jkjk

jkijki
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Vectors and Tensors
We now find the eigenvalues and eigenvectors for the symmetric part.

0
113

122
321

=
λ−−−

−λ−
−λ−

We get the characteristic polynomial,

0994 23 =+λ−λ−λ

The eigenvalue and the associated normalized eigenvector for each root is 
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )Ti

T
i

T
i

n

n

n

5274760816754023384407815620

641353020230307400940146442

557168054035806305370364885

33

22

11

....

....

....

−==λ

−−=−=λ

−−==λ

    

    

       

It is easy to verify that each eigenvector is orthogonal. When the coordinates 
are transformed to be aligned with the principal axes, the magnitude of the 
vector with each face is the eigenvalue; this vector points in the same direction 
of the unit normal associated with the face.
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Green’s theorem
Let u=uxi+uyj be a vector field, C a closed curve, and D the region enclosed by C, 
all in the x-y plane. Then

dxdy
y
u

x

u
dru

D

xy

C
∫∫∫ 








∂
∂

−
∂

∂
=⋅

Example: Show that the Green’s theorem is valid if u=yi+2xyj, and C consists of 
the straight line (0,0) to (1,0) to (1,1) to (0,0)

∫∫∫∫ ⋅+⋅+⋅=⋅

321 CCCC

drudrudrudru

Where C1, C2 , C3, are the straight lines (0,0) to (1,0), (1,0) to (1,1), and (1,1) to 
(0,0), respectively.

[ ]
[ ]
[ ] [ ] jxxiuyxdydxyxC

yjyiuydxxC

uxdyyC

2
3

2

1

20101

21001
01000

+===

+===
===

             

             
              

,:,,:,,:

,,:,,:
,,:,,:
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Green’s theorem
Thus

( ) ( ) ( ) ( ) ( ) ( )

( )

[ ]
6
1

3
2

2
11

3
2

2
1

22

2200

0

1

321
0

2

0

1

2
1

0

0

1

2
1

0

1

0

−=−−=



 ++=

++=

+⋅++⋅++⋅+=⋅

∫∫

∫∫∫∫

xxy

dxxxdyy

jdxidxjxxijdyyjyiidxjidru

C

         

           

     

On the other hand

( ) ( )

6
1

12
1

0

2
1

0 0

−=

−=−=







∂
∂

−
∂

∂ ∫∫ ∫∫∫
                                  

  dxxxdxdyydydx
y
u

x

u
x

D

xy
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Gauss’s theorem

Let S be a closed surface, and V the region enclosed within it, then

∫∫ ⋅∇=⋅
VS

dVudSnu   dV
x
u

dSnu
V i

i
i

S
i   ∫∫ ∂

∂
=

Where dV an element of the volume and dS an element of the surface, and n (or ni) 
an outward unit normal to it. It extends to tensors of arbitrary order:

dV
x

T
dSnT

V i

ijk
i

S
ijk ∫∫ ∂

∂
= ...

...

Gauss’s theorem can be thought of as an extension of the familiar one-dimensional 
scalar result: 

( ) ( ) ∫ φ
=φ−φ

b

a

dx
dx
d

ab

Here the end points play the role of the surface integral and the integral on x plays 
the role of the volume integral.
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Gauss’s theorem

Example: show that Gauss’s theorem is valid if u = xi + yj and S is the closed 
surface which consists of a circular base and the hemisphere on unit radius with 
center at the origin and z≥0, that is x2 +y2 +z2 = 1

In spherical coordinates, defined by 

θ=
φθ=
φθ=

cos
sinsin
cossin

rx
ry
rx

We split the surface integral into two parts

The hemispherical surface is described by r = 1.

dSnudSnudSnu
HBS

   ∫∫∫ ⋅+⋅=⋅

Where B is the base and H is the curved surface of the hemisphere.
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Gauss’s theorem

∫ ⋅
B

dSnu  = 0 since n=-k and u .n=0 on B. On H the unit normal is 

( )kjin +φθ+φθ= sinsincossin

θ=φθ+φθ=⋅ 22222 sinsinsincossinnu

( )

π=





 −π=

θ





 θ−θπ=φθθθ=⋅ ∫∫ ∫∫

ππ π

3
4

12
1

4
32

3
4
1

4
32

2

0

2

0

2

0

2

             

  ddddSnu
H

sinsinsinsin

On the other hand if we use Gauss’s theorem we find that

π=⋅∇

=⋅∇

∫ 3
4

2

dVu

u

V

 Since the volume of the hemisphere is       . π
3
2
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Green’s identities

Applying Gauss’s theorem to vector                 , we get Ψ∇φ=u

( )

dV
xx

dSn
x

dVdSn

iV i
i

S i

VS









∂
Ψ∂

φ
∂
∂

=
∂
Ψ∂

φ

Ψ∇φ⋅∇=⋅Ψ∇φ

∫∫
∫∫   

From this we get Green’s first identity

( )

∫∫
∫∫












∂
Ψ∂

∂
φ∂

+
∂∂
Ψ∂

φ=
∂
Ψ∂

φ

ψ∇⋅φ∇+ψ∇φ=⋅Ψ∇φ

V iiii
i

S i

VS

dV
xxxx

dSn
x

dVdSn

2

2   
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Green’s identities

Interchanging φ and Ψ and subtracting, we get Green’s second identity.

( ) ( )

∫∫
∫∫












∂∂
φ∂

−
∂∂
Ψ∂

φ=







∂
φ∂

Ψ−
∂
Ψ∂

φ

φ∇Ψ−Ψ∇φ=⋅φ∇Ψ−Ψ∇φ

V iiii
i

S ii

VS

dV
xxxx

dSn
xx

dVdSn

22

22   

Stokes’ theorem

Let S be an open surface, and the curve C its boundary. Then

( )

∫∫
∫∫

⋅=
∂
∂

ε

⋅=⋅×∇

C

ii
j

k

S
ijk

C
S

drudS
x
u

drudSnu  
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Eigenvalues and eigenvectors

If T is a linear operator, its eigenvalue problem consists of a nontrivial solution of 
the equation 

eTe λ=
where e is called an  eigenvector and λ is an eigenvalue.

1. The eigenvalues of an operator and its adjoint are complex conjugates 
of each other.

2. The eigenvalues of a self-adjoint operator are real.

3. The eigenvectors of a self-adjoint operator corresponding to distinct 
eigenvalues are orthogonal.

4. The eigenvectors of any self-adjoint operator on vectors of a finite-
dimensional vector space constitute a basis for the space.
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Eigenvalues and eigenvectors

Example: For                                     find the eigenvalues and eigenvectors of ,:, 222 ℜ→ℜℜ∈ Ax









=

21
12

A

( ) 







==λ−

λ=

10
01

0 IxIA

xAx

    

If we  write 

then 









=

2

1

x
x

x









=
















λ−

λ−
0
0

21
12

2

1

x
x
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Eigenvalues and eigenvectors

By Cramer’s rule we could write









λ−

λ−
=









λ−

λ−








 λ−

=









λ−

λ−
=









λ−

λ−









λ−

=

21
12

0

21
12
01
02

21
12

0

21
12

20
10

2

1

detdet

det

detdet

det

x

x

An obvious, but uninteresting solution is the trivial solution x1=0, x2=0. Nontrivial 
solutions of x1 and x2 can only be obtained only if

0
21

12
=

λ−
λ−



June 16, 2003
109

Microwave Physics and Techniques                UCSB –June 2003Microwave Physics and Techniques                UCSB –June 2003

Eigenvalues and eigenvectors

Which gives the characteristic equation

( ) 012 2 =−λ− solutions are λ1=1 and λ2=3.









=
















=
















−

−
0
0

11
11

121
112

2

1

2

1

x
x

x
x

For λ=1

x1+x2=0
If we choose x1=1 and x2 = -1, the eigenvector corresponding to λ=1 is 









−

=
1

1
1e

For λ=3, the equations are 







=
















−

−
=
















−

−
0
0

11
11

321
132

2

1

2

1

x
x

x
x

-x1+x2=0









=

1
1

2e
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Laplace Transform

Let f(t) be a given function defined for all t ≥ 0. If the integral 

exists, it is called the Laplace transform of f(t) . We denote it by  L (f)

The original function f(t) is called the inverse transform of F (s) ;we denote it by 

L -1(F), so f(t)=L -1(F).

( ) ( )dttfesF st∫
∞

−=
0

( ) ( ) ( )dttfesFf st∫
∞

−==
0

L
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( ) ( ){ } ( ){ } ( ){ }tgbtfatbgtaf LLL +=+
Laplace Transform

Some useful transforms:

( ) ( )

( )

α−

=

α

+

s
e

s

n
nt

s
t

s
t

s

ftf

t

n
n

1

21

2

1

11

1

3
2

2

                     

       

                         

                           

                            

L                    

!,...,

!

( ) ( )ftf L                    

22

22

22

22

α−
α

α

α−
α

ω+
ω

ω

ω+
ω

s
t

s

s
t

s
t

s

s
t

                

               

                 

                

sinh

cosh

sin

cos
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Transform of derivatives

( ) ( ) ( )0ffsf −=′ LL

( ) ( ) ( )
( ) ( )[ ] ( )
( ) ( ) ( )00

00
0

2 fsffs

fffss
ffsf

′−−=

′−−=

′−′=′′

L          

L          
LL

In general:

( )( ) ( ) ( ) ( ) ( )( )000 121 −−− −−′−−= nnnnn ffsfsfsf KLL
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Transform of an integral of a function

If f(t) is piecewise continuous 

( ) ( )( )tf
s

df

t

LL 1

0

=
















ττ∫
Hence if we write                                 then ( )( ) ( )sFtf =L

( ) ( )
s
sF

df

t

=
















ττ∫
0

L

Taking the inverse Laplace transform gives

( ) ( ) .∫ ττ=







t

df
s
sF

0

1-L
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Shifting theorems and the step function

( )( ) ( )sFtf =L ( )( ) ( )α−=α sFtfe tLIf                                    , then 

Taking the inverse transform

( )( ) ( )tfesF tα=α−1-L

Example: Find ( )te t ωα cosL

We know

( ) 22 ω+
=ω

s

s
tcosL

( )
( ) 22 ω+α−

α−
=ωα

s

s
te t cosL

Using the above
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Shifting on the t-axis

If f (t) has the transform F(s) and a>0 then the function 

( ) ( )



>−
<

=
atifatf
atif

tf
          
                    0~

has the transform

( )sFe as−

Thus if we know F(s) is the transform of f (t) then we get the transform by 

multiplying F(s) by          .ase −
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Laplace transform

Example: Using Laplace transform solve

( ) ( ) 00202 =′==+′′ yytyy              ,,cos

Taking Laplace transform of the differential equation. Define Y(s) = L  (y).

( ) ( ) ( )[ ] ( ) ( )tyysyys cos2002 LLL =+′−−

( ) ( ) ( )
( )2222

2

1

2
1

2
1

221
+

+
+

=⇒
+

=−+⇒
s

s

s

s
y

s

s
sys L  L

We have a complex and repeated complex factor.

( )
tt

s

s

t
s

s

sin

cos

=













+

=







+

22

2

1

2

2
1

2

1-

1-

L

L

( ) tttty sincos += 2
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Laplace transform

Example: Solve

( ) ( )
( ) ( ) 201044

30203

2212

11211

=′=−=′′

=′=+=′′

yyeyy

yyyyy
t         

        

,

,

Define F = L (y1), G= L (y2) and take the LAplace transform of both equations

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) 3231

300

3

2
21111

2
211

+=−−⇒

+=′−−⇒

+=′′

sGFs

yyysyys

yyy

LLL

LLL

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

1
424

3400

44

2

1222
2

12

−
−+=−⇒

−=′−−⇒

−=′′

s
sFGs

eyysyys

eyy
t

t

LLL

LLL
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Laplace transform

Where we have used                           . Solving for F and G( )
1

1
−

=
s

etL

2
1

1
1

2
1

−
=

−
+

−
=

s
G

ss
F    ,

Then

( ) ( ) ., ttt eGyeeFy 2
2

2
1 ==+== 1-1- L  L


